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Let F' = F(X) be a free group with basis X and Z[¢] be a ring of polynomials with integer
coefficients in ¢. In this paper we develop a theory of (Z[t], X )-graphs — a powerful tool
in studying finitely generated fully residually free (limit) groups. This theory is based
on the Kharlampovich-Myasnikov characterization of finitely generated fully residually
free groups as subgroups of the Lyndon’s group FZ[t]| the author’s representation of
elements of FZ[!] by infinite (Z[t], X)-words, and Stallings folding method for subgroups
of free groups. As an application, we solve the membership problem for finitely generated
subgroups of FZI | as well as for finitely generated fully residually free groups.
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1. Introduction

In the seminal paper [12] Stallings introduced an extremely useful notion of a folding
of graphs and initiated the study of subgroups (and automorphisms) of free groups
via folded directed labeled graphs. This approach turned out to be very influential
and allowed researchers to prove many new results and simplify old proofs. We refer
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to a survey [4] for a detailed discussion of the known results and methods in this
area. Here we would like only to mention that, among other things, the Stallings
technique gives a very fast algorithm for the Uniform Membership Problem in free
groups. Namely, given a tuple of words hy,...,h, of a free group F'(X) with basis
X one can construct in at most quadratic time in |hq| 4 --- + |hy| the Stallings
folding (viewed as a deterministic finite automata) I'y which accepts precisely the
reduced words from F'(X) which belong to the subgroup H = (hq,...,hy). Now,
given a reduced word w € F'(X) one can check, in linear time in |w|, whether w € H
or not. One of the crucial features of the Stallings method is that the graph I'(H)
carries all the essential information about the subgroup H itself.

Observe that free groups are precisely the groups that admit free actions on sim-
plicial trees. In the paper [13] Stallings offered a way to extend his ideas to non-free
actions of groups on graphs and trees. Bestvina and Feighn [2] and, independently,
Dunwoody [3] gave a systematic treatment of Stalling’s method in the context of
graphs of groups and groups acting on simplicial trees. A more geometric and unified
approach to this topic which relies on Bass—Serre theory [11, 1] as well as the foldings
technique of Stallings—Bestvina—Feighn-Dunwoody was recently developed in [5].

Research on the membership problem in amalgamated free products, HNN-
extensions and more generally, fundamental groups of graphs of groups has a long
and rich history. In 1958 Mihailova [8] constructed a remarkable example of a
finitely generated subgroup of the direct product Fy x Fy of two free groups of
rank two with unsolvable membership problem. Most of the early results used nor-
mal forms techniques, so the proofs were very technical and sometimes cumbersome.
Bass—Serre theory gives a nice tool to deal with subgroups of fundamental groups
of graphs of groups, but the algorithmic side of the theory is still underdeveloped.
It seems, the first general attempt to provide an algorithmic version of Bass—Serre
subgroup theorem via foldings was made [5]. We refer to this paper for a brief
survey on the membership problem in fundamental groups of graphs of groups.

In the present paper, we develop folded graph methods for finitely generated
subgroups H of finitely generated fully residually free groups G. Notice that such
groups G are subgroups of groups obtained from a free group by a finite sequence
of extensions of centralizers, so the methods of Bass—Serre theory, in particular,
the results from [5], can be in use. However, we elect to generalize directly the
original Stallings method for free groups on fully residually free ones. Namely, using
Kharlampovich-Myasnikov embedding theorem [6] we embed the group G into the
Lyndon’s free Z[t]-group FZ!. Notice that such embedding can be found effectively.
This allows one to view the groups G as subgroups of FZ! given by a finite set of
generators. Now, for a finitely generated subgroup H of FZ[! we effectively construct
a folded labeled graph I" which accepts precisely those elements of FZl] (written
in a normal form) which belong to H. To construct I" we use the representation
of elements from FZM by infinite words in the alphabet X (here X is a basis
of F) that was introduced in [10]. Thus, we may assume that the subgroup H is
generated by a finite set of infinite words. In this event, to build I' we mimic the
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classical Stallings folding algorithm replacing finite words by the infinite ones. This
is not immediate, however, and it requires some new ideas. When I' is constructed
we solve the membership problem for H precisely in the same way as in free groups.
In the subsequent paper we use these graphs I' associated with the subgroups H of
fully residually free groups to solve other algorithmic problems for H.

2. FZIl and Tts Elements Viewed as Infinite Words

In this section, at first, we review the embedding of FZ! into the set of reduced
infinite words. Then we describe normal forms for elements of FZ which arise
from the embedding.

2.1. Lyndon’s free Z[t]-group and infinite words

Let F = F(X) be a free non-abelian group with basis X = {z; | i € I'} and Z][t] be
a ring of polynomials with integer coefficients in ¢. Let X! = {z;' | i € I} and
X* = XU XL In [7], Lyndon introduced a Z[t]-completion FZIt of F, which it
is called now Lyndon’s free Z[t]-group. It turns out that FZ! can be described as
a union of a sequence of extensions of centralizers (see [9])

F=Gy<Gi < <G, <, (2.1)

where ;41 is obtained from G; by extension of all cyclic centralizers in G; by a
free abelian group of countable rank.

In was shown in [10] that elements of F“[!l can be viewed as infinite words
defined in the following way. Let A be a discretely ordered abelian group. By 14 we
denote the minimal positive element of A. Recall that if a, b € A then the closed
segment [a, b] is defined as [a,b] = {z € A|a <z <b}. An A-word is a function of
the type

w: [1a, ) — X*,

where a,, € A, ay, > 0. The element «, is called the length |w| of w. By € we denote
the empty word. We say that w is reduced if w(a) # w(a+1)"! forany 14 < a < ay,.
Then, as in a free group, one can introduce a partial multiplication *, an inversion,
a word reduction etc. on the set of all A-words (infinite words) W (A, X). We write
wov instead of wv if |uv| = |u|+ |v|. All these definitions make it possible to develop
infinite words techniques, which provide a very convenient combinatorial tool (for
all the details we refer to [10]).

It was proved in [10] that FZ! can be canonically embedded into the set of
reduced infinite words R(Z[t], X), where Z[t], an additive group of polynomials
with integer coefficients, is viewed as an ordered abelian group with respect to the
standard lexicographic order < (that is, the order which compares the degrees of
polynomials first, and if the degrees are equal, compares the coefficients of cor-
responding terms starting with the terms of highest degree). More precisely, the
embedding of FZI into R(Z[t], X) was constructed by induction, that is, all G;
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from the series (2.1) were embedded step by step in the following way. Suppose,
the embedding of G; into R(Z][t], X) is already constructed. Then, one chooses a
Lyndon’s set U; C G; (see [10]) and the extension of centralizers of all elements
from U; produces G;11, which is now also naturally embedded into R(Z[t], X).

The existence of an embedding of FZ into the set of infinite words implies
automatically the fact that all subgroups of FZ! are also subsets of R(Z[t], X),
that is, their elements can be viewed as infinite words. From now on we assume the
embedding p : FZl — R(Z[t], X) to be fixed. Moreover, for simplicity we identify
FZI with its image p(FZM1).

Further we introduce an order on each U;. Let v € U;. There exists an infinite
subset K;(v) C U; such that u € K;(v) only if |u| = |v|. In fact, K;(u) = K;(v)
if and only if u, v € U;, |u| = |v|. Thus, there exist elements u},... , u’, ... in U;
such that

m:Um@y

By Zorn’s Lemma we can assume Kl(ug), 7 € N to be well-ordered under some
order >;. If u, v € U;, then put

|uf > o],
u>v iff < or,
|u| = |v| but v >; v, whereu,ve Kl(u;) for some u;

Observe that U; is well-ordered under > and enumerating its elements with respect
to this order we get the set of indices I; of elements from U;. The order on U;
indices an order on U = (J,U; — if u, v € U; then we compare them using the
order defined on U; and if v € U;, v € U; then u > v if and only if 7 > j.
Now we introduce the notion of abelian height for elements from Z[t]. Recall
that Z[t] is a countable direct sum
(o)
7l = D)
i=0
of copies of the infinite cyclic group Z with the right lexicographic order. So, for
every « € Z[t] there exists a natural number n such that o belongs to
z" = Pt).
i=0
Thus, we say that an abelian height hap(a) = n if o € Z" — Z" 1.
Compare the definition of abelian height with the definition of height given in
[10]. Observe that if w = u® € R(Z[t], X) then h(w) = h(u)hqg ().

2.2. Reduced forms for elements of F”[!]

We start with the following convention, which somehow simplifies notations used
throughout the text.
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Conventions 2.1. From now on we call « € Z[t] non-standard if it does not belong
to the “standard” part of Z[t] which is the smallest convex subgroup of Z[t]. If « is
non-standard then we write o > 0.

An element g € G,,+1 — G, has the following representation as a reduced infinite
word

g=gioupogao---ouy ogpy, (2.2)

where ny,n2,...,n; € I, gr € Gn, k € [1,1+ 1], [gk, tn,] # €, [Ght1sUn,] # €,
E € [1,1], |ag] > 0, k € [1,1]. Observe that this representation is not unique
because for each k € [1,1] it is possible that g, has ul as a terminal segment and
gk+1 has up'* as an initial segment, so we can adjoin these finite exponents of u,,,
from the left and from the right to up*, to form a new infinite word representation
of the same element g

g:h1OU§3ﬁtho---ougthH,

Mk —1
where By = ay + pr +my, g1 = h1oubl, g1 =up o b1, gy = un,, © hgoubk,

ke [2,1].

Remark 2.2. It is not hard to see that there are infinitely many representations of
g in the form (2.2) — it is possible not only to perform the transformation described
above, that is, to adjoin finite exponents of u,,, k € [1,[] from the left and from
the right to ug*, but also to perform inverse transformations, that is, to take finite
exponents from each ug*, k € [1,1] in order to obtain infinitely many tuples of
interleaving elements fi,..., fiy1.

Lemma 2.3. Let g € G411 — Gy, have two representations
g =g ou(s"l1 oggo---ou(;‘l‘ 0 git1,

where S5 € Ina g; € Gna [gjaUSj] 7é g, [gj+1)u5j] 7é g, |aj| >0,j¢€ [171] and
B1

g=hiou! OhQO'--O’U,EZOhm_i_l’

where ty € I, hi € Gp, [hr, ur, ] # €, [Rk+1, ur, ] €, |Bk] >0, k € [1,m]. Then

(1) L=m,
(2) up, = us,, j € [L,1].

Proof. We have

—a

-1 - -1
(91+10us,,alo"'ousl °g; )*(hloufllohgo---oufllohm+1):€.

k1
S1°

By [10, Lemma 6.9] the equality above can hold only if u,, = us, and g; **h; = u
Thus, we have

-1 - 1
(ngOUSlaz 004y )*ugll *(hzo"'ouf} 0 hpmy1) =&,
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where p; is finite. Again, by [10 Lemma 6.9], u,, = us, and g5 ' * ul! * hy = uk2
and we can cancel (u;*2 o gy ") * ub! x (hy o u2) into a finite exponent u?2. The
required result now follows by induction. O

It follows from Lemma 2.3 that in any representation of g € Gp11 — G, as
an infinite word, the number of non-standard exponents ug* in g (the number of
syllables in some sense) is the same, which is equal to [. ThlS observation makes
it possible to introduce a natural characterization of any representation of g as an

I-tuple {|71], |72/, ... |nl}, where |y > 0 and

g=fioull ofao---oullofi. (2.3)
We call such a representation of g, U,-reduced if the ordered [-tuple {|y1],
[v2l, .||} is maximal with respect to the right lexicographic order among all

possible representations of g.

In [10] we introduced unique reduced forms for elements of FZ*. Now, we rede-
fine the procedure for obtaining them and show that in fact unique reduced forms
defined in the proof of [10, Theorem 6.15] coincide with U,,-reduced representations
(in the future we will use the term U, -form instead of U,-reduced representation).

Suppose g € Gp+1 — G, and

— [e3 «
g=g10Up ©gaO - -0Uy 0gi1.

From [10, Lemma 6.9] it follows that for g; and g2 there exist p;, m; € N such that

:tl

g1 =hio u”l, g2 oun? = up't og'you)? and hy does not have u;;' as a terminal

no
il as an initial segment. Now we present g as

segment, g, o u)2 does not have Uy
[e3
g=hioult og'yoult o ounl o g,

where By = ag + pr +my, g1 = hy o ubl, gz oup? = uy't o g'50 uy?. Next we take
the subword of g

/ / «
g =gs0ug,0g30---oupiogiy

and perform exactly the same procedure of maximizing . The whole construction
follows by induction on [. After a finite number of steps we get

g=h10ugiOhQO"'OUELéOhH-l- (2.4)
Lemma 2.4.
(1) (2.4) is unique,
(2) (2.4) is a Up-reduced form for g.

Proof. (1) follows immediately from the construction.
(2) Suppose (2.4) is not a U;-reduced form for g, that is, there exists an I-tuple

{Inls [rals - -+, Iwl} such that {[yi], [v2l, ... [wl} > {[B1],[Bzl, ..., 4]} and

g:flo’u,;ylllOfQO---O’U/;YLlZOfl_;’_l.
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From the inequality above it follows that there exists ko € [1,1] such that v, = S,
ke(l,ko— 1] and vk, > B, -

At first we show that hy = fi, k € [1, ko — 1]. Assume that kg > 1.

Observe that |hi| < [fi| otherwise hy = fiowup, |m| > 0, m € Z and 3 is
not maximal — contradiction (here we use [10, Lemma 6.9] from which it follows
that f; ' % hy € (un,)). If |h1| < |f1] then since 3, = 71 it follows that hg o uP?
contains u,, as an initial segment — contradiction with the choice of ;. Thus
|hi] = |f1] and hy = f1. In the same way, using induction one can prove that
hp = fk, ke [2,/€0 — 1].

The simple fact proved above shows that we can assume without loss of gener-
ality that kg = 1, that is, 91 > £1 > 0. Again, |hq| < |f1] since otherwise we get
a contradiction. As above if |hy| < |fi| then since 1 < 71 it follows that hg o uﬁg
contains at least u,, as an initial segment — contradiction with the choice of ;.

Thus we proved that {|51],|52], ..., |G|} is the maximal I-tuple with respect to
the right lexicographical order. So the representation (2.4) is U,-reduced for g. O

Let g € G,,41 — G, so it has a representation as an infinite word
g=9g10Up ©g20- 0 Uy Ogii1,

where ny,na,...,n; € L, gk € Gun, [gks Un,,] # €, [Gk+1,Un,,] # &, |ax| > 0. Now we
fix some u from the list wy,,, Un,, - . ., Uy, of elements from U,, taken to non-standard
powers in the representation of g (it follows from Lemma 2.3 that this list does not
depend on particular representation of g as a reduced infinite word). Consider now
a representation of g in which we “mark” only non-standard exponents of u, that is,

g:hlouﬁlOhQO"'Ouﬁpth+17 (2.5)

where ﬂj = Qm,, mj € [Ll]vj € [17]3]7 hi=q Ougi O O0my, thrl = 9mp+10-0
Gi+1, Pk = Gmp+10 -0 Gmusyrr k € [2,p]. Observe that all hy, in general, do not
belong to G,, any more. We call (2.5) the the u-representation or the u-form for g.

One can prove a statement analogous to Lemma 2.3 for u-forms of g and this

means that we can associate with any such form a p-tuple {|61], 82|, .., |8p|} of
elements from Z[t], which are infinite exponents from (2.5).
We call a u-form of g, u-reduced if the ordered p-tuple {|51], |32/, . ., |Bp|} is max-

imal with respect to the right lexicographic order among all possible u-forms for g.
Suppose

hiou ohyo--oul o hpt1 (2.6)
is a u-form for g and g is cyclically reduced. Then, obviously
(hyou* ohgo---ou ohyyy)o(hyoul ohyo---ouohyy) (2.7)

is a u-form of g2. So, we call (2.6) cyclically u-reduced if (2.7) is u-reduced.
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Lemma 2.5. Let
hi o u™ OhQO---ou’BPthH

be a u-reduced form of g € Gpy1 — Gy, u € U;. Then there exists a cyclic permuta-
tion of g such that its u-reduced form is cyclically u-reduced.

Proof. The proof is based on the following observation.

Claim 2.6. Let |w| < |u|. If wou® has u as an initial segment in u® o w o u?,
o, B €Z, a, >0 then u™ ow cannot have u as a terminal segment.

Suppose on the contrary that u = wowuy, u = uj oug and u = ugow, u = ug 0 U3
at the same time. From these equalities we have |w| = |us|, |ui| = |usl, |us| = |w].
Since u = w o uy, u = uy o ug and |uy| = |w| it follows that w = ug, u; = uz. Thus
w = ug and u = uy © ug = Uz o U1, but this is possible only if u; = a® and us = a”,
and hence v = a7, so the centralizer of u in G,, is not cyclic — contradiction
with the choice of U,.

Observe also that if @ > 0, 3 < 0 then neither wou” has u as an initial segment

! as a terminal segment. Indeed, if for example w o u” has u as
1

nor u® o w has u~
an initial segment then u = w o wuy, v™' = uy o us. Thus, u = wou; = u2_1 ouy
and u; =u; ' = ¢, u =w — contradiction.

Now we complete the proof of the lemma. Without loss of generality we can
assume hy = € and that h,11 does not have u as a terminal segment (using cyclic
permutation we can always obtain these properties). We have two cases

(1) hpit] > Jul

Since u?t o hyo---o0ufr o hpt1 is u-reduced it follows that uohgo--rouro
hpt1 0 u ohgo--oufro hp41 is u-reduced because hy,41 does not have u as an
initial or terminal segment.

(2) Ihpsa] < lu]

(a) If uP» o hy1 1 has u as a terminal segment then by Claim 2.6, h,1 0 u”' does
not have u as an initial segment. Since uProhgo---oufro hp+1 is u-reduced then
the ordered 2p-tuple {|B1], 152l .-, 18pls 151, |82, - - -, |Bp|} is maximal with respect
to the right lexicographic order among all possible u-forms of g2. So, u%* o hyo-- -0
uP o hyi1 is cyclically u-reduced.

(b) If hpy1 o uP' has u as an initial segment then by Claim 2.6, u”? o hyiq
does not have u as a terminal segment. Thus, take a cyclic permutation g’ =
hoouP2 ... oyPr ohpt1 ouf? of g so that hy oubf2 .. oufrtlopoulr—1 is a u-reduced
form of ¢/, where u = hy10a = aob. But then (hg ou? - ourtlobou~1)o
(ho o u?? - - ouPrtl o bou11) is u-reduced. O

2.3. Standard decomposition of elements of F*!

In this section, from infinite word representation of elements from FZI we obtain
their representation by finite words in some alphabet.
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Let g € FZI Then g € Gpy1 — Gy, for some n € N and ¢ has a U,-reduced
form

« «
g =g10Up 020" 0Uy OGgiil,

where Unyy Ungy -y Un, € Una Jk € Gn7 ke [1al+ 1]7 [gk;unk] 7é g, [gk+1;unk] 7é g,
lag| > 0, k € [1,1]. Now, by the induction on n we can assume existence of a
U,,—1-reduced form for each g;, i € [1,]]

9: = g(D)1 oumit 0 g(i)y 0+ oubs™ o g(i)s,

where U, ..., Um, € Un_1, |Bm,| >0,k € [1,s], g(i)r € Gn_1, k € [1,s+1]. One
can get down to the free group F' with such a decomposition of g, where subwords
between non-standard powers of elements from U; are represented step by step as
U;_1-forms, ¢ € [1,n]. Thus, from this decomposition one can form the following
series for g:

1

F < H071 < H()’Q < < H07k(0) < H1’1 < < Hl,k(l)
<< Hn—l,k(n—l) < Hn,l << Hn,k(n)a (28)

where Hj1,..., Hj ;) are subgroups of Gji1 which do not belong to G; and
Hj; is obtained from Hj;_1 by a centralizer extension of a single element u;;—1 €
Hj; 1 < Gj. Element g belongs to H, (,) and does not belong to the previous
terms. Series (2.8) is called the extension series for g.

Using the extension series above we can decompose g in the following way:
g € Hy, j(n) has a u,, j(n)-reduced form

B

g=hiouy . ohgo---o0 “ifk(n) o hit1,

where all hj,j € [1,1+1] in their turn are u,, j(n)—1-reduced forms representing ele-
ments from H,, j(,)—1. This gives one a decomposition of g related to its extension
series. We call this decomposition the standard decomposition or standard represen-
tation of g.

Observe that for any g € FZI its standard decomposition can be viewed as a
finite word in the alphabet

B=X*U{u®|uecUacZt -7}
We denote this product by 7(g) so we have

m(g) = m(h1) “ifk(n) m(ha) - Uifk(n) T(his),

where 7(h;) is a finite product in the alphabet B corresponding to h;, and from
now on, by the standard decomposition of an element g we understand not the
representation of g as a reduced infinite word but the finite word 7(g).

Let U(g) be a finite subset of U such that u € U(g) only if 7(g) contains a letter
b; € B such that b, = u®, « € Z[t] — Z. Observe that U(g) is ordered with respect
to the order induced from U, that is, we have

U(g) = {ul’ B 7uﬂ1}7
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where u; < u; if i < j and u;, = Uy k(n). By max{U(g)} we denote the maximal
element of U(g).

If u € U(g) then by deg,(g) we denote the maximal degree of infinite exponents
of w which appear in 7(g).

It is easy to see that in general m(g1 0g2) # 7(g1)7(g2) and 7(gog) = 7(g)n(g) if
and only if the u-reduced form of g is cyclically u-reduced, where u = max{U(g)}.

From the definition of Lyndon’s set and the results of [10] it follows that if
R C Gy, is a Lyndon’s set then a set R’ obtained from R by cyclic decompositions
of its elements is also a Lyndon’s set. Thus, by Lemma 2.5 we can assume a w-
reduced form of any u € U, to be cyclically w-reduced, where w = max{U(u)}.
Hence, we can assume

m(uou) = 7(u)m(u)

for any u € U.

3. Graphs Labeled by Infinite Z[t]-Words

In this section we introduce the notion of (Z[t], X )-graphs and describe their basic
properties.

3.1. Labeled graphs

Using the notation introduced in the previous section we adjust basic notions from
[4] to FZH,

Definition 3.1. By a (Z[t], X )-labeled directed graph ((Z[t], X )-graph) T’ we mean
the following.

(1) T is a combinatorial graph where every edge has a direction and is labeled either
by a letter from X or by an infinite exponent u® € FZH w € U, a € Z[t], a > 0,
denoted p(e);

(2) for each edge e of I' we denote the origin of e by o(e) and the terminus of

e by t(e).

For each edge e of (Z[t], X)-graph we introduce a formal inverse e~! of e with
label u(e)~! and the endpoints defined as o(e™!) = t(e), t(e™!) = o(e), that is,
the direction of e~! is reversed with respect to the direction of e. For the new edge
e ! weset (e1)7!
denote by [.In fact, usually we will abuse notation by disregarding the difference
between I' and T. R

Now we have a partition E(T') = E(T') U E(T") and we say that edges of I are
T 1

= e. The new graph, endowed with this additional structure we

positively oriented in I', while their formal inverses e~ are negatively oriented in I.

Definition 3.2. A path p in I' is a sequence of edges p = e; - - - e, where each ¢;
is an edge of I" and the origin of each e; is the terminus of e;_1.
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Observe that u(p) = u(e1) - - - p(ex) is a word in the alphabet X+ U {u® |u € U,

a € Z[t]} and we denote by u(p) the reduced infinite word u(eq) * -« * p(ey).
We will be using two different notions of the length of a path p=-e7---e in I’

(1) combinatorial length |p| set equal to k, and
(2) word length wl(p) = Zle I(u(er)).

In fact, from these two definitions above two possible meanings of an irreducible
path arise: an irreducible path in combinatorial sense and an irreducible path in the
sense that its label viewed as an infinite word in FZ[ is reduced. Here are formal
definitions.

Definition 3.3. A path p = e;---e in a (Z[t], X)-graph T is called reduced if
e; # €;+11 for all i € [1,k —1].

Definition 3.4. A pathp =e; - e in a (Z[t], X)-graph T is called label reduced if

(1) p is reduced;

(2) ek, - epy, k1 < ko is a subpath of p such that u(e;) = u*, u € U, a; € Z[t],
i € [k1, ko] and p(er, —1) # uPr, p(er,+1) # uP? for any By, B2 € Z[t], provided
ki — 1, ko +1 € [1,k], then @ = agy + -+ + ag, # 0 and pleg,—1) * u® =
fier,—1) 0 u, u % pleryq1) = u® o pulery41)-

3.2. Free foldings

Here we define free (partial) foldings and partially folded (Z[t], X )-graphs. Observe
that the definition of a partial folding below is exactly the same as the corresponding
definition of a folding in free groups (see [4]).

Definition 3.5. Let I" be a finite (Z[t], X)-graph and let v be a vertex of I'. The
valence of v denoted val(v) is the number of all edges in I' which have v as an origin
or a terminus.

Let T be a (Z[t], X)-graph. Suppose vy is a vertex of I' and f;, fo are two
distinct edges of T' such that o(f1) = o(f2) = vo, u(f1) = p(f2) =z € X* or
w(f1) = p(f2) =u®, u e U, a € Z[t]. Let h; be the positive edge of I' corresponding
to f; (that is, h; = f; if f; is positive and h; = f; " if f; is negative).

Let A be a (Z[t], X )-graph with the following sets of vertices and edges.

V(A) = (V(T) = {t(fr): t(f2)}) Ufv},  E(A) = (E(T) = {h1, ho}) U {h}.

The endpoints and arrows for the edges of A are defined in the following way. Let
e € E(A), e # h then

(1) we put oa(e) = or(e) if or(e) # t(f:) and oa(e) = v if op(e) = t(f;) for some 4,
(2) we put ta(e) = tr(e) if tr(e) # t(f;) and ta(e) = v if tr(e) = t(f;) for some 1.
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For the edge h we put oa(h) = wvg, ta(h) = v if hy = f1, ha = fo and
oa(h) = v, ta(h) = vy otherwise.

We define labels on the edges of A as follows: pa(e) = pr(e) if e # h and
pa(h) = pr(h1) = pr(he).

In other words we obtain A by identification of two edges f1 and f in I'. In this
situation we say that A is obtained from I' by a free (partial) folding (or by freely
(partially) folding the edges f1 and f3).

There can be introduced a notion of a morphism between two (Z[t], X )-graphs.
That is, if T'y, I’y are (Z[t], X)-graphs then a map 6:T';y — Iy is called a mor-
phism of (Z[t], X )-graphs, if 6 sends vertices to vertices, directed edges to directed
edges, preserves labels of directed edges, and has the property that o(6(e)) =
B(o(e)), t(6(e)) = 0(t(e)) for any edge e of T'y.

If ¢ is a partial folding defined above then it is easy to see that ¢ is a morphism
between I and A.

Lemma 3.6. Let I'y be a (Z[t], X )-graph obtained by a free folding from a graph T.
Let v be a vertex of I' and vy be the corresponding vertex of I'y. Then the follow-
ing hold.

(1) IfT is connected then T'y is connected.

(2) Let p be the path from v to v in T with label w. Then the edgewise image of p
in 'y is a path from vy to vy with label w.

(3) IfT is a finite (Z[t], X )-graph, then the number of edges in T'y is one less than
the number of edges in T, that is, any free folding decreases the number of
edges in T'.

Proof. Follows directly from the definition of a free folding. O

Definition 3.7. (Z[t], X)-graph T' is called partially folded if there exist no
two edges e; and es in I' with u(e;) = p(ea) such that o(e;) = o(e2) or
t(el) = t(eg).

Obviously, T is a partially folded (Z[t], X)-graph if and only if one cannot per-
form any free folding in I". Moreover the following proposition is true.

Proposition 3.8. Let T be a (Z[t], X)-graph, which has only a finite number of
edges. Then there exists a partially folded (Z[t], X )-graph A, which can be obtained
from T by a finite number of free foldings.

Proof. Since I" has a finite number of edges by Lemma 3.6 any (Z[t], X )-graph
T'y obtained from I' by a free folding has fewer edges. This provides one with an
inductive argument based on the number of edges in T'. O
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3.3. u-components

In the present subsection we concentrate on some particular subgraphs of (Z[t], X)-
graphs which consist of edges labeled by exponents of elements from U. These
subgraphs are very important in all our further investigations.

Let u € U be fixed.

Definition 3.9. Let I be a (Z[t], X)-graph. Vertices vy, va € V(I') are called u-
equivalent (vy ~, vg) if there exists a path p = e1---¢e in T' such that o(e;) =
vy, tlex) = v and u(e;) = uf, o; € Z[t], i € [1,k].

7

~, is clearly an equivalence relation on vertices of I', so if I' is finite then all
its vertices can be divided into a finite number of pairwise disjoint equivalence
classes. Suppose v € V(I') is fixed. One can take the subgraph of I' spanned by
vertices u-equivalent to v and remove from it all edges labeled by anything except
for u®, a € Z[t]. The resulting subgraph of I' we denote by Comp, (v) and call the
u-component of v. In other words, the u-component of a vertex v is the subgraph
of I" all edges of which are labeled by exponents of u.

Definition 3.10. Let T be a (Z[t], X)-graph and v € V(T'), vy € V(Comp,(v)).
We define a set H, (vg) associated with vy as
H,(vo) = {p(p) | p is a reduced path in Comp,,(v) from vy to vo}.
Observe that even when p is a reduced path in Comp, (v) its label u(p) may be
the empty infinite word.

Lemma 3.11. Let T be a (Z[t], X)-graph and v € V(T'), vg € V(Compy(v)). Then

(1) Hy(vg) is isomorphic to a subgroup of Z[t] and moreover, if Comp,(v) is a
finite graph then H,(vo) is finitely generated,
(2) if v1 € V(Comp,(v)) then H,(vg) ~ Hy(v1).
Proof. (1) Observe that if p is a cycle in Comp, (v) at vo then u(p) = u®, o € Z[t].
The concatenation p; ps of two cycles in Comp,, (v) at vg is again a cycle in Comp,, (v)
at vy which may or may not be reduced. Let p be the reduced cycle obtained from
p1p2 by making all possible path reductions. Then u(p) = pu(p1) * pu(p2) = p(p2) *
u(p1) € Hy(vo) and H,(vg) is closed under multiplication which is commutative.
Finally, since the inverse path (p1)~! of p; is reduced and is labeled by u(p1) ™!,
it follows that H,,(vo) is closed under taking inverses. Also, since ¢ is a label of an
empty path which is reduced then clearly e € H,(vo).
Thus, H,(vp) is an abelian group.

One can construct a map 60 : H,(vo) — Z[t], where p(p) = u® Lae Zt].
Obviously, 6 is an isomorphism of H,(vy) and a subgroup of Z[t]. Moreover, if
Comp, (v) is a finite graph then there exists a natural number n such that n >
hap(cr), where p(e) = u® and e ranges through all edges of Comp,(v). Since for
any reduced cycle p = ej -+ - ey, in Comp,,(v) such that u(e;) = u®i, i € [1,k] and
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p) = u T TY% = 4y one has hay(a) < maxt_{ha(a;)} and it follows that
«(vg) is a subgroup of Z™ which is a a finite rank subgroup of Z[t]. Thus H,(vo)

T =

i

w0

s a free abelian group of rank not greater than n.

(2) Since vy ~y v1, there exists a path p = f1--- fi in Comp,(v) such that
o(p) = vo, t(p) = vy and pu(p) = u?, v € Z[t]. The existence of p provides one with
correspondence between cycles at vg and v; — if pg = e - - - e, is a reduced cycle at
vy then py = f1 - frer - -em(fx) "t -+ (f1) 7! is a cycle at vy and one can obtain a

reduced cycle ps at vg by making all possible path reductions in p;. Observe that

1(p2) = pu(p1) = u(p) * plpo) * (u(p)) =" = p(po)- Thus Hy(v1) < Hy(vo). In the
same way for any cycle at vy one can construct a corresponding cycle at v; with

the same label. So H,(v1) > Hy(vo) and hence Hy(v1) >~ Hy(vo). m|

It follows from Lemma 3.11 that one can associate a free abelian group of finite
rank with any finite u-component in a (Z[t], X )-graph T'.

3.4. u-folded u-components

In Sec. 3.2 we introduced a notion of free foldings, but it turns out that for our
further investigations it is not enough to have only partially folded graphs. In the
present subsection we introduce the notion of U-foldings which are operations on
partially folded (Z[t], X )-graphs.

Let T be a (Z[t], X)-graph and let u € U be fixed throughout this subsection.
Let v € V(T'), vy € V(Comp,(v)).

Free foldings defined in the previous subsection are simple operations on edges
which have the same labels, but they do not cover the case when we have two edges
f1, f2 € E(Comp,(v)) such that o(f1) = o(f2) = vo, u(f1) =u®, u(f2) =u?, u e
U, o, € Z[t], a # 3. Since a # 3, no free folding can be applied.

Definition 3.12 (u-folding). Let fi, fo € E(Comp,(v)) be such that o(f;) =
o(f2) = v such that u(f1) = u®, u(fa) = u®, a,B € Z[t] and suppose |a| > |3].
Without loss of generality we can assume both edges to be positively oriented, that
is, o, 8 > 0 (otherwise we can consider f[l, i = 1,2 instead of f;).

Let Ty be a (Z[t], X)-graph defined as follows.

V() = V() U{e},  E() = (B(I) = {fi}) U{er, e2}.

We think of T’y as a new (Z[t], X )-graph obtained from T" by dividing the edge f1
into two edges e; and ez. The endpoints and arrows for the edges of I'; are defined
in the following way. Let e € E(T'1), e # e1,e2 then we put or, (¢) = or(e) and
tr,(e) = tr(e)

For the edges ej,es we put or,(e1) = or(f1), tr,(e1) = wv1, or,(e2) =
v1, try(e2) = tr(f1).

Finally, pr, (e) = pr(e) if e # e1, ez and pr, (e1) = pr(f2), pr, (e2) = u*".



Fully Residually Free Groups and Graphs Labeled by Infinite Words 703
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Fig. 1. Possible u-foldings.

Thus, in I'; we have a pair of edges e;, f» with origin vy and the same label v/,
so we can apply a free folding 1) to I';. After the identification of e; and fo the
resulting (Z[t], X)-graph we denote by A.

In this situation we say that A is obtained from T" by a u-folding (or by w-folding
the edges f1 and f3) (see Fig. 1).

Observe that if a = 8 then the u-folding defined above is just a free folding.

From now on by U-foldings we denote the set of all u-foldings, where u € U.

Unlike free foldings, u-foldings do not define morphisms of (Z[t], X )-graphs
because they involve the operation of division of an edge. Hence, we introduce
a notion of generalized morphism between two (Z[t], X)-graphs. That is, if 'y, Ty
are (Z[t], X)-graphs then a map 6 : I'y — T'g is called a generalized morphism of
(Z[t], X )-graphs, if 0 sends vertices to vertices, directed edges to reduced paths and
has the property that o(6(p)) = 0(o(p)), t(6(p)) = 0(t(p)), n(6(p)) = n(p) for any
reduced path p of T'y.

Let ¢ be a u-folding defined above which is applied to the pair of edges { f1, f2}
in E(Comp,(v)). By definition, ¢ involves as a final stage a free folding . Then
we have ¢(f1) = ¥(e1)(e2), dle) = ¥(e), e € E(I'), e # f1 and ¢(w) =
Y(w), w € V(T). Observe that it follows from the definition of ¢ that o(¢(e))
o((e)) = ¢(o(e)) = (o ( ) ( ( )) =t((e)) = b(t(e)) = o(t(e)), u(o(e)) = ple
for any e € E(I), e # fi o(o(f1)) = o(¥(e1)) = t(oler)) = d(o(f1)),

to(f1)) = t(¥(e2)) = (t(e )) ¢(t(f1)), w(d(f1)) = n(f1). Hence, it follows

A~ —
2
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that o(¢(p)) = ¢(o(p)), t(d(p)) = ¢(t(p)), u(¢(p)) = u(p) for any reduced path p
in I. Observe that ¢(p) may not be reduced.

Thus, we verified that u-folding is a generalized morphism of (Z[t], X )-graphs.
The following result is analogous to Lemma 3.6 about free foldings.

Lemma 3.13. Let Ty be a (Z[t], X )-graph obtained by a u-folding from a (Z[t], X)-
graph T'. Let v be a vertexr of I' and vy be the corresponding vertex of I'y. Then the
following hold.

(1) IfT is connected then T'y is connected.
(2) Let p be the path from v to v in T' such that u(p) = w. Then the image of p in

Ty is a path p1 from vy to vy such that u(py) = w.
(3) IfT is a finite (Z[t], X)-graph, then |V (1) < |[V(T)].

Proof. (1) and (3) follow directly from the definition and (2) follows from the fact
that u-foldings are generalized morphisms. O

It is easy to see the difference between Lemma 3.6 and Lemma 3.13 above.
Unlike free foldings, u-foldings do not preserve labels of paths just because of the
division of edges involved, but any path in I' and its image in I'; have the same
labels viewed as reduced infinite words.

The following important result follows directly from Lemma 4.3 which will be
proved in Sec. 4.2 in more general context.

Lemma 3.14. Let A be a (Z[t], X)-graph obtained by a u-folding ¢ from a graph
T. Let v be a vertex of T such that v belongs to some u-component in T'. Then ¢(v)
belongs to a u-component in A and Hy,(v) ~ H,(¢(v)).

Any finite u-component can be transformed into a single positively oriented
path with an associated free abelian group of finite rank. The next results show
how one can use u-foldings to get such a form of u-components.

At first, recall that in a connected graph a subgraph is said to be a spanning
tree if this subgraph is a tree and it contains all vertices of the original graph. If
a graph T is a tree then for any two vertices v1,vs of T there is a unique reduced
path in T from vy to vs.

Let T be a (Z[t], X)-graph and v € V(T'). We call a path p = e;---¢ej in
Comp,,(v) positively oriented (negatively oriented) if o; > 0 (o < 0), ¢ € [1, k],
where p(e;) = u®.

Lemma 3.15. Let T be a finite tree such that all its edges are labeled by u®,
a € Z[t] and let vg € V(T). Then T can be transformed by finitely many u-foldings
into a tree T" such that if v, € V(T') corresponds to vy then for any v € V(T")
the unique reduced path p, from v) to v is either positively oriented or negatively
oriented.
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Proof. Since vy can be connected by a unique reduced path to any v € V(7))
and T is finite we have a finite number of such paths p,, v € V(T'). In each path
Py = €1 --- e there can be positive edges, that is, labeled by u®, a > 0 and also
negative edges. To prove the statement of the lemma we use induction on the
number of vertices in T such that p, is neither positively nor negatively oriented.
Let Bt denote the set of such vertices in 7.

If | Br| = 0 then the lemma is already true for T'. Thus we assume the statement
to be true for any tree S with |[Bg| =n — 1.

Vo
v,
e Yo °
1 f3 f3
€o v f'2
v
f2 h h
— 2 — 2
€3

€4

Fig. 2. Case (1), j=4,1=2.

Let |Bp| = n and take any vertex v from Bp. Then p, = e1 -+ - ej is a unique
reduced path such that o(p) = vo, t(p) = v, ple;) = u®, i € [1,k]. Without loss of
generality we can assume a; > 0. Since v € B there exists minimal j € [2, k| such
that aj—1 > 0, a; < 0. Thus t(e;) € Br and again, without loss of generality we
can assume v = t(e;). We have two cases.

(1) a1 + -+ 4+ aj—1 > |a;|. There exists maximal ¢ € [1,7 — 1] such that
a;+ -+ oj_1 > |aj| but aiqp1 + -+ a1 < |oy|. Hence, e; can be folded step
by step with the negatively oriented path e;_ll e e;l = fi- fj—i, e;_ls =fs, s€
[1,j — 7] as follows.

e; is divided into negative edges hi,...,h;—; by new vertices vi,...,v;_;—1 so
that o(h1) = o(e;), t(hs) = 0(hsy1) =vs, s € [1,j—i—1], t(hj_;) = t(e;), u(hs) =
p(fs) =u"%—>, se[l,j—i—1], p(hj_;) = u®T*-1T"F%-1 Finally, the sequence
of u-foldings identifies each hs with f, for all s € [1,7 — i — 1] and h;_; becomes
an initial part of f;_; =e; !, We denote this sequence of u-foldings by ¢ and let T’
denote the result of applying ¢ to T'. Observe that after ¢ is applied v = t(e;) is
identified with a point on edge e;, so ¢(v) is connected to vy by a unique reduced
positively oriented path. Obviously 7" is also a tree and we have that ¢(v) ¢ By.
Observe also that if w ¢ Brp then ¢(w) ¢ Byrv. Indeed, if a vertex w € T is connected
to vp by a unique path p,, such that e; € p,, then p,, also contains e; ---e;_; and
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w € Bp. But such vertices are the only ones for which a path leading to vy is
changed under ¢. So if w’ ¢ By then p, is not affected by ¢ and ¢(pw) = puwr. It
follows that |Br/| < |Br.

Vo

€1

€

€3

Fig. 3. Case (2), j = 3.

(2) o1 + -+ a1 < |aj|. e; can be folded step by step with the negatively
oriented path ejill ceft=f1 fi—1, ejils = fs, s €[1,j — 1] as follows.

e; is divided into negative edges hi,...,h; by new vertices vq,...,v;_1 so that
o(ha) = ole;), Hhe) = olhetr) = vs, s € [Lj — 1], t(h;) = t(e;), ulhs) = plfy) =
u= %=, s €[1,j—1], ulhj_1) = u Tt +ta-1 Finally, the sequence of u-foldings
identifies each hs with f for all s € [1,j — 1]. We denote this sequence of u-foldings
by ¢ and let T denote the result of applying ¢ to T. Then T is also a tree and
we have that ¢(v) = ¢(t(e;)) is connected to ¢(vg) = vp in T by a unique reduced
path which consists of a single negative edge hj. So ¢(v) ¢ By and by the same
argument as in (1) we have that |By/| < |Br|.

Thus, in both cases we obtained a new tree T for which the statement can be
obtained by induction. O

As a corollary of Lemma 3.15 we get the following important result.

Corollary 3.16. Let T be a finite tree such that all its edges are labeled by u®,
a € Z[t] and let vo € V(T). Then T can be transformed into a simple positively
oriented path by finitely many u-foldings.

Proof. By Lemma 3.15, T can be transformed by finitely many wu-foldings into
a tree T' with v, € V(T’) corresponding to wg, such that for any v € V(T”)
the unique reduced path p, from v, to v is either positively oriented or negatively
oriented. Now, to complete the proof it is enough to notice that any two finite simple
positively oriented paths which have the same origin w can be folded together into
one simple positively oriented path with the same origin w. So, after finitely many u-
foldings one transforms 7" into two paths leading from v, — one positively oriented
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and another one negatively oriented. Their concatenation is a reduced positively
oriented path. O

Now, we return to u-components in a (Z[t], X )-graph T.

Lemma 3.17. Let I' be a (Z[t], X)-graph, v € V(I') and C' = Comp,(v) be finite.
Then there exist a (Z[t], X)-graph A obtained from T by finitely many wu-foldings
such that v' € V(A) corresponds to v and C' = Comp, (v') consists of a simple
positively oriented path Pg:, some vertices of which may be connected by single
edges not in Pcor.

Proof. Let T be any spanning tree of C'. Then, by Corollary 3.16 there exists a
finite sequence {¢1,...,¢,} of u-foldings which transforms T into a simple posi-
tively oriented path Pgs. Observe that some vertices in P can be connected by
images of edges from C' — T'. Thus, A is the image of I under {¢1,..., ¢, }. O

We call ¢’ from the lemma above a reduced u-component. Since Pg/ is a simple
path there exists a vertex zo» € V(Pgr) such that valp,, (2¢/) = 1 and the only
edge in Pgr which has z¢/ as an origin is positive. We call z¢r a base-point of C”.

Observe that because of arbitrary choice of a spanning tree for C' and arbitrary
order of performing sequences of u-foldings it follows that the reduced u-component
C' corresponding to C' is not unique.

Let T be any (Z][t], X)-graph, v € V(T') and let C = Comp,(v) be a finite
reduced u-component. Then there exists a simple positively oriented path Po in C'
which originates from a base-point z¢ of C. Since C' is finite then there are finitely
many edges hy,...,h; in C — Po. Any h; connects two vertics in P so there exists
a unique reduced path ¢; in Po such that o(h;) = o(q;), t(h;) = t(q;). Moreover,
hig; ' is a cycle in C, so pu(hy) * w(qs) T oce H,(z¢).

Now, let p = e;---e, be a reduced path in C. Suppose some of its edges
Ciys-vnrCipy 1 € [1,n] belong to C' — Pg. Then we construct another path p’ in
the following way: every edge e;; is equal to some h;; in the list of edges of C' — P,
so in p we substitute e;, by the path ¢;,. The resulting path p’ may be not reduced,
so we perform all possible reductions and obtain a reduced path p” all edges of which
belong to Pc. We have o(p”) = o(p), t(p") = t(p), u(p”) = pu(p)*h, h € Hy(zc)
by definition of g; for each h; € C' — Pc. Finally, observe that p” is uniquely defined

for p because it is a reduced subpath of Pc.

Hence, for any reduced path p in C' there exists a unique reduced subpath g of
Pe with the same endpoints as p and such that u(p) m_l € Hy,(z¢). Further,
we will use the notation ¢ = [p].

The converse is also true, that is, if ¢ is a reduced path in Po and ¢ € Hy,(z¢)
then, since any element from H,(z¢) can be realized as a reduced label of some
loop at t(g) in C, there exists a reduced path p in C such that o(p) = o(q), t(p) =

t(q), up)

cycles.

1(q) * c. Observe that ¢ is not unique with respect to permutation of
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The correspondence above shows that any finite reduced u-component C' in a
(Z[t], X )-graph is characterized completely by the pair (Po, Hy(2¢)).

If C is finite then there exist finitely many subpaths ¢, ..., gs of Po such that
for any path p in C, [p] = ¢ for some i € [1,s]. Moreover, let Po = f1--- fm,
where o(f1) = z¢. Let vg = z¢, v; = t(f;), i € [1,m] and let po,p1,...,pm be
reduced subpaths of Po such that o(p;) = z¢, t(p;) = v, @ € [0,m]. It follows
that all p; are positively oriented. Then for every reduced subpath p; ; of Pc such

that o(p; ;) = vi, t(p;j) = v; we have u(pi ;) = p(p;) * u(p;) g By Lemma 3.11,
H,(z¢) is finitely generated and is isomorphic to a subgroup of Z", r € N. So if p is
a reduced path in C' such that o(p) = v;, t(p) = v, then by definition of [p] we have
1(p) and w([p]) = w(piy) = a(py) * ilps)  are in the same coset in Z" by H,(zc).
That is, we can express the label of any reduced path in C' in terms of labels of
pi, © € [0,m] and elements from H,(zc). We call a set of paths po,p1,...,pm a
set of path representatives associated with C' and denote this set by Rep(C'). The
following result holds.

Lemma 3.18. Let C' be a finite reduced u-component in a (Z[t], X)-graph T, v €

-1 . .
V(C) and let o € Z[t]. If p(pi) = p(p;) & Hu(zc) for any pi,p; € Rep(C), i # j
then either there exists a unique reduced path p in Po such that o(p) = v and

u® € u(p) * Hy,(z¢), or there exists no path q in C with this property.

Proof. Suppose on the contrary that there exist two reduced paths p, ¢ in Pz such

that o(p) = v, o(q) = v and u® = pu(p) * hy = p(q) * ha, hi,he € H,(2¢). Then

-1
w(p) * u(q) = hit xhy € Hy(zc).
On the other hand we have that v = v;, t(p) = v, t(q) = vk, j # k. So we

have 1(p) = 1(py) * Hpi) > 1(q) = pr) * 1pi) - So (p) * pula) = (upy) *

w(pi) 1) * (p(pr) * p(pi) 1)_1 = u(p;) * ,u(pk)_l € H,(z¢) — contradiction. |

If C is reduced and Rep(C) satisfies the condition from Lemma 3.18 then we
call C' a u-folded u-component.

Let C be a finite reduced u-component in a (Z[t], X)-graph I' which is
not u-folded. That is, there exist two vertices v;,v;, ¢ < j in Pg such that

w(p;) *M(pjfl € H,(z¢). Consider a graph A which is obtained from I' by iden-
tification of vertices v;,v; in C' into one new vertex v. We call this operation
a collapse of v; and vj. The resulting u-component in A we denote by C’. In
fact, a collapse can be obtained as a finite sequence of wu-foldings. Indeed, since
w(pi) * ij)il = h € H,(z¢) there exists a positive loop at v; with the label h.
This means that if we add a single edge e to C so that o(e) = t(e) = v;, ule) =h
then H,(z¢) is not changed. Then we can apply a sequence of j — i u-foldings to e
and the subpath ¢ = e;41 - -e; of Pc connecting v; and v;. After these u-foldings
are implemented, v; is identified with v; because (q) = h. Since u-foldings do not
change H,(z¢) in u-components a collapse of v; and v; is a valid operation. Observe
that |V(C)| = |[V(C")| + 1. If C" is not reduced so using finitely many u-foldings




Fully Residually Free Groups and Graphs Labeled by Infinite Words 709

one can reduce it and since u-foldings do not increase the number of vertices for
the resulting reduced u-component C” we have |V (C)| > |V(C")| > |[V(C")|. Thus,
the following result holds.

Lemma 3.19. Let T be a (Z[t], X )-graph which has finitely many u-components all
of which are finite and reduced. Then there exists a partially folded (Z[t], X )-graph A
which is obtained from T by finitely many u-foldings such that all its u-components
are u-folded.

4. U-Folded (Z[t], X)-Graphs and Finitely Generated Subgroups
of FZI]

In this section we introduce the notion of U-folded (Z[t], X )-graph. Using the nota-
tions developed in the previous section we show how one can transform an arbitrary
(Z[t], X )-graph into a U-folded one.

4.1. Languages associated with (Z[t], X )-graphs

Recall that a graph labeled by letters from X* defines a language of words over
X*. This language can be put into correspondence with a subgroup of a free group
F(X). In the present subsection we generalize this concept to (Z[t], X )-graphs.

Definition 4.1. Let I' be a (Z[t], X)-graph and let v be a vertex of I'. We define
the language of I' with respect to v to be

L(T,v) = {u(p) | p is a reduced path in I" from v to v}.

If w belongs to L(I',v), we will also sometimes say that w is accepted by (I",v)
(or just by I' if v is fixed).

The following result establishes a connection between (Z[t], X )-graphs and sub-
groups in FZI1,

Lemma 4.2. Let T be a finite (Z[t], X )-graph and let v € V(T'). Then L(T,v) is a
subgroup of FZH.

Proof. Observe, at first, that L(I',v) is a subset of FZ[! by definition.

Let g1,92 € L(I",v). Then there are reduced paths p; and ps from v to v in T’
such that u(p;) = ¢g;, i =1,2.

The concatenation ¢ of p; and ps is a path in I' from v to v such that p(q) =

w(p1) * w(p2), but ¢ may not be reduced. Let p be the reduced path obtained from

¢ by making all possible path reductions. This means that the label u(p) = u(q)
and o(p) = t(p) = v. Therefore u(p1) * p(p2) = p(p) € L(T,v).

Thus, g1 * g2 € L(I',v) and L(I",v) is closed under multiplication * of infinite
words.

It is easy to see that the inverse path (p1)~! of p; is reduced and u(pfl) =

w(p1)~t = u(p1) ' This implies that L(I",v) is closed under taking inverses. Also,
obviously € € L(T', v).
Thus, L(I',v) is a subgroup of FZH, O
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In the previous section we introduced free foldings and U-foldings and now we
show that these operations do not change the language associated with T'.

Lemma 4.3. Let T' be a finite (Z[t], X)-graph and let v € V(I'). Let Ay be a
(Z[t], X )-graph obtained from T by a single free folding and let As be a (Z[t], X)-
graph obtained from T' by a single u-folding for some uw € U, so that vi € V(Aq)
and v € V(Ag) correspond to v. Then

L(F,’U) = L(Alvvl) = L(AQ;UQ)'

Proof. At first we prove L(I',v) = L(Aq1,v1). If A; is obtained from I' by iden-
tification of edges e1, ez € f, u(er) = p(ez) = x € X! then the result follows
from the proof of [4, Lemma 3.4]. If ey,e2 € T are labeled by the same exponent
of some u € U then the free folding which identifies e; and es is a u-folding and,
thus, in this case, we reduced the proof of L(I',v) = L(Aj,v1) to the proof of
L(F7 ’U) = L(A27 ’UQ).

So let us prove L(T',v) = L(Aa,v2).

Suppose A; is obtained from I' by folding two edges e1, es in T which have the
same initial vertex w and p(e;) = u®, p(ez) = uf. Without loss of generality we
can assume « > 3 > 0. Then e; becomes a path hihe in Ag such that p(hy) =
uB, p(he) = u®~? and hy is identified with e; in Ay into an edge h.

Suppose p is a reduced path in I' from v to v, so that u(p) € L(I',v). The
image of p in A; by Lemma 3.13 is a path p’ from vy to vy such that pu(p) = u(p’).
However, p’ need not be reduced. Namely, p’ is reduced if and only if p does not
contain any subpaths of the form 65161 or efleg. Let p” be the path obtained from
p’ by performing all possible path reductions in As. Then u(p) = u(p’) = wu(p”)
and u(p") € L(Ay,vs). Thus, we have shown that L(T',v) C L(I",').

Suppose now that p’ is an arbitrary reduced path in Ay from vy to vo. We claim
that there is a reduced path p in I' from v to v such that w = m We will
construct this path explicitly.

(1) @ = (. In this case hy is an empty edge and eq, es are identified with the
edge h in As.

The occurrences of h*! (if any) subdivide p’ into a concatenation of the form:

P =pofopifi-- fePrs1s

where f; = h*! and the paths p; do not involve h*!.

Suppose that for some i we have f; = h. Since p; and p;+1 do not involve the
edge h, they can also be considered as paths in I'. Moreover, by the definition of
u-folding, in the graph I' the terminal vertex of p; is joined with the initial vertex of
pit1 by either the edge ey or ea. We denote this edge by d; (so that d; € {e1,ea}).
Note that now p;d;p;y1 is a reduced path in I' with the same label as the path
Pifipiv1 in Ag.

Similarly, if for some i we have f; = h=', we can find d; € {e]*, e; '} such that
pidipiy1 is a reduced path in I' with the same label as the path p; fipi+1 in As.
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Then

P = podop1 - - - dgPr+1

is a reduced path in I from v to v with the same label as p’. Thus, u(p’) € L(T,v)
and therefore L(Ag,ve) C L(T,v).

(2) a > (. This is a general case when e; becomes a path hhs and e; becomes
the edge h in Ag. Observe that u(h) = u(es), pu(he) = p(ez) ™t * u(e;) and o(h) =
o(ez) = o(e1), t(h) =t(ea), o(ha) =t(h) =t(ez2), t(he) =t(er) in As.

Similarly to (1) we subdivide p’ by the occurrences of h*! and hi! so that

P =poforifi-- fePrt1s

where f; = h*! or f; = h;ﬂ and the paths p; do not involve h*!, hgﬂ.

Any entry of edge hs we substitute by a path e, e, and every entry of h we
substitute by ey so that hy ' is substituted by e; 'es and A= by ey *.

Suppose that for some ¢ we have f; = h. Since p; and p;11 do not involve
the edge h, they can also be considered as paths in T'. We have t(p;) = o(h) =
o(ez2), o(pi+1) = t(h) = t(ea), so the substitution h — eq is valid. If on the other
hand for some j we have f; = ho then t(p;) = o(ha) = t(e2), o(pj+1) = t(ha) = t(e1)
and again the substitution hy — ey 'e; is valid. Finally, u(h) = p(e2), p(he) =
p(e2) ™! * p(er) implies that after all possible substitutions in p’ are made, we get
the resulting path p” in T’ from v to v such that p(p”) = p(p’), but p” may not
be reduced. Let p be the path obtained from p” by performing all possible path
reductions in I'. Then u(p) = pu(p”) = p(p’) and p(p) € L(T,v).

Hence, in both cases (1) and (2) above L(Ag,v9) C L(I",v) which completes the
proof. O

Let T be a (Z[t], X )-graph and p = ey --- e be a reduced path in T'. Let g €
Gpi1 — Gy and let

7(g) = mw(hy)u 7w (ha) - - - w7 (higr),
be the standard decomposition of g, where u = max{U(g)}. We write

u(p) = (g)
if p can be subdivided into subpaths

p = p1dipz - - dipi41,

where d; is a path in some u-component of I' and p; is a path in I' which does
not contain edges labeled by u®, a € Z[t], so that u(d;) = u”, i € [1,1] and each
equality u(p;) = 7(hi), i € [1,1+ 1] is defined inductively in the same way. Observe
that if g = @1 - - - @, € F then u(p) = w(g) if k = r and p(e;) = x; for every ¢ € [1, k].

It follows immediately that if u(p) = m(g) for some g € FZI then p is label
reduced.

Observe that if T' is a (Z[t], X)-graph and v € V(I') then it follows from
Lemma 4.2 that any element of L(T,v) is an infinite word in FZ[! and, thus, has
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the standard decomposition 7(g) but it might be impossible to find a label reduced
loop p at v in I' such that u(p) = 7(g). The main result of the following subsection
is that if I is finite and has some particular properties then it is always possible to
find such a path p and p is unique in some sense. Moreover, it will be shown how
the required properties can be obtained in I' using free foldings and U-foldings.

4.2. U-folded (Z[t], X)-graphs

In this subsection we obtain the main technical result of the paper.

Let T be a finite (Z][t], X)-graph. Since T is finite there exist only finitely many
edges with labels u$, u. € U, a € Z[t]. Thus, there exists K € N such that for
any e € E(I') with p(e) = u? it follows that u. € Uj,, je < K. It is easy to see
that for each fixed j. using w.-foldings described in Sec. 3 one can transform all
ue-components of I' into u.-folded components. However, because of the nature of
the sets Uj, , edges of I belong to different levels (we introduce the precise definition
of a level below) and U-foldings do not deal with interactions between these levels.
Moreover, u-foldings applied to some u- component can affect w-components u # w.
So, one needs some definite procedure which “folds” T" level by level.

Since I is finite the set of elements u € U such that there exists an edge e in "
labeled by u®, « € Z[t] is finite and the order from U is induced on it. Thus one can
associate with I" an ordered set U(T") = {uq,...,un}, where N >0, v, € U, i€
[1,N] and u; < u; if ¢ < j. Observe that U(I") can be empty in case when all edges
of I are labeled by letters from X=.

Definition 4.4. Let I' be a finite (Z[t], X)-graph and let u; € U(T') be fixed. Let
I'(7) be a subgraph of ' which consists only of edges e € E(T") such that either
ple) = w e X* or ple) = u, a € Zjt], j < i. We call I'(i) an i-level graph of
T (by O-level graph we understand a subgraph of T" which consists only of edges
with labels from X) and say that I" has level n denoted by [(T") if n is the minimal

natural number for which T' = T'(n).

Observe that I'(7) may be not connected for some i < I(I"), but still one can
apply to I'(7) free foldings and u-foldings u € U(T").

Definition 4.5. Let I' be a finite connected (Z[t], X)-graph and let U(I") =
{ur, ..., uyry}. If u, € U(T') and C' is a u,-component of I' then

(1) apath pin I'(n—1) is called (uy, 8)-irregular of type I'if o(p) € V(C), u(p) = w,
w=1ud ocy, §€{1,—1},

(2) apath pin I'(n) is called (uy, §)-irregular of type IIif p = pr(,—1) Prn), o(p) €
V(C), prin-1) € T'(n = 1), p(prn—1)) = w1, p(prn)) = waoc=ujocy, v €
Z[t] — Z, ul = wy 0wy, wy # ¢, § € {1,—1},

(3) apath pin T'(n—1) is called (u,, 8)-irreqular of type IITif o(p) € V(C), u(p) =
wy(p), ul = wi(p) o wa(p), wa(p) # e, § € {1,—1} and there exists a path p’
in C such that o(p’) = o(p), p(p’') =u}, v € Z[t], v§ > 0.
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Definition 4.6. Let I' be a finite connected (Z[t], X)-graph and let U(I') =
{ur, ..., uyry} If u, € U(T) and C'is a uy,-component of I' then

(1) a (uy,d)-irregular path p of type I originating from v is doubled if there exists
a label reduced path ¢ = ¢1¢2 in A(n — 1) such that o(q) = v, t(q) = t(¢g2) =
t(p), wlg) = u(p), w(q) = n(un)®, t(q1) € V(O),

(2) a (un,d)-irregular path p of type II originating from v is doubled if there exists
a label reduced path ¢ = ¢1¢q2 in A(n) such that o(q) = v, t(q) = t(g2) =
t(p), w(q) = u(p), @) = n(un)®, t(q1) € V(O),

(3) a (up,d)-irregular path p of type III originating from v is doubled if there exists
a label reduced path ¢ = g1¢2 in A(n — 1) such that o(q) = v, t(q) = t(¢g2) =
t(p), wlg) = pp), ulq) = m(wi(p)), plg2) = m(wa(p)), t(q) € V(C).

Definition 4.7. Let A be a finite connected (Z[t], X)-graph and let U(A) =
{ur, .. uyay} A ds called U-folded if for any u, € U(A) the following conditions
are satisfied:

(1) A is partially folded;

(2) all u,-components of A are u,-folded and isolated in the sense that there exists
no reduced path p with m = u,’fb, k € Z in A(n— 1) such that p connects two
different u,-components of A;

(3) if C is a u,-component of A, e € E(Pc) and u(e) = uk, k € Z then there
exists a unique label reduced path p in A(n — 1) such that o(p) = o(e), t(p) =
te), plp) = m(un)";

(4) if C' is a up-component of A and v € V(C) NV (A(n — 1)) then there exists
a unique label reduced path p in A(n — 1) such that o(p) = t(p) = v, u(p) =
m(un)k, k € Z and H,, (2¢) N {uy,) = (uk);

(5) if C' is a up-component of A and vy, v € V(C) are connected by a reduced
subpath p of P then either p consists only of edges labeled by finite exponents
of u, or there exists no number k, € Z such that u(p) *u=* € H,, (2¢);

(6) for any u,-component C' of A and its distinct vertices vy, ve which are con-
nected by a reduced subpath p of Po with o(p) = vy, t(p) = vo there exists no

reduced path r in A(n — 1) such that o(r) = vy, t(r) = va, p(r) =uk, k€ Z

and a(p) * u(r) ¢ Ho, (01);

(7) for any up,-component C' of A, v € V(C) and a reduced path p in A(n — 1)
such that o(p) = v, u(p) = uk, k € Z it follows that t(p) € V(O);

(8) for any w,-component C' of A and its vertex v any (uy,,d)-irregular path p of
any type originating from v is doubled in A(n).

Remark 4.8. Observe that in (3) and (4) by uniqueness we understand uniqueness
with respect to Pc, where C' is any u-component v € U(A), that is, a path is
unique if we disregard the order of edges in C' — Pc. This is justified in view of
Lemma 3.18.
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The definition above is very technical and it is not clear why we need all the
properties listed. However, using them in the proof of the next proposition we are
able to show the most essential properties of U-folded graphs.

Proposition 4.9. Let A be a U-folded graph. Then the following hold:

(1) for any reduced path p in A with u(p) = w there exists a unique label reduced
path q such that o(q) = o(p), t(q) = t(p), pu(q) = n(w);

(2) for the standard decomposition 7(g) of any g € FXM and any v € V(A), either
there exists a unique label reduced path p in A starting at v such that pu(p) = 7(g)

or for any path q in A starting at v it follows that p(q) # g.

Proof. We take advantage of the level structure of A — the proof is conducted
by the induction on I(A). If [(A) = 0, that is, all edges in A are labeled by letters
from X+, then A is partially folded and the statement of the proposition follows
from [4, Lemma 3.9].

Assume that the statement of the theorem holds for any graph of level n — 1.
Let I(A) = n and let U(A) = {u1,...,ua)}-

(1) Let p be a path in A with u(p) = w. u(p) belongs to the alphabet X+ U{u® |
u € U(A), u<up, o€ Z[t]} so let us subdivide p in the following way:

p = p1dip2ds - - - D dmPm+1,

where every p;, i € [1,m + 1] does not contain edges labeled by u®, « € Z[t], so
that we can assume every p; to be a path in A(n — 1), and every d;, i € [1,m)]
contains only edges labeled by u%, « € Z[t].

no
Take any p;. By induction there exists a unique label reduced path ¢; such

that o(p;) = o(q:), t(pi) = t(q:), u(q;) = w(h;), where p(p;) = h;. Observe that
since t(p;) belongs to some wu,-component C; and d; is a path composed only of

edges labeled by exponents of u,, then d; is a path in C; such that u(d;) = ug.
By Lemma 3.18 there exists a unique path ¢; in Pg, such that o(¢;) = o(d;) and

u® € u(ce;) * Hy, (o(d;)). We have t(d;) = t(¢;). Indeed, if d; leads to some other
vertex v € Pg, then there exists a unique positively oriented subpath p, of Pg,
from o(d;) to v and we have a loop p,d; ', so u(p,)*u,® € H,, (o(d;)). Thus,
u® = ju(py) * hi, hi € Hy, (0(d;)) and uu(p,) € pu(c;)* Hay, (o(d;)) which is impossible
unless p, = ¢;, because C; is u,-reduced. So t(d;) = t(¢;) = o(pit1)-

Thus, we obtain a reduced path r as the following concatenation:

qd = q1c14202 G CmGm+1,

where o(g;) = o(pi), t(q:;) = t(pi), o(ci) = o(ds), t(c;) = t(di), pl(ai) = plpi)
(i) = pld;) = ugy, i € [1,m + 1] and o(q) = o(p), t(¢') = t(p), u(q') = p(p) and
all ¢;, ¢; are label reduced.

S

However, ¢’ may be not label reduced, that is, there can be a cancellation in
w(c;) * p(giv1). Without loss of generality we can assume «; >> 0 (if not then by the
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property (3) of U-folded graphs we can assume p;c;p;+1 to be a path in A(n — 1)
and everything follows by induction for p;c;pi+1).

Suppose 1i(c;) * u(giv1) # p(e;) o w(giy1). Then p(giy1) contains an initial sub-
word uF o g1, k <0, u;' = g1 0gy. A(n—1) is U-folded and the induction hypoth-
esis holds for it, hence it follows that there exists a path r;11 = z;41 fi+1 such that
o(rig1) = 0(git1), t(riv1) = t(git1), o(zit1) = v1 € V(Ci), p(zivr) = m(un)*7(g1)
and it can be continued by a path 2’ to some vertex vy € V(C;) so that z;412’
is a label reduced path from v; to vs. Let w;11 be the path in Pg, such that
o(wit1) = v1, t(wit1) = va. Then we have that concatenation lez’*l is a path
from #(¢;) = o(gi1) = o(zi41) to t(zi11) = o(fir1) and p(wip12'™") = p(zis1) =
u¥ 0 gy. So we can substitute g; 11 by w; i1 z’_lfi_H in ¢. Observe that p(z'~1) = g;l
and 2’ "' f;41 is label reduced otherwise u¥ o g is not the maximal initial subword
of 11(gi+1) which cancels in u(c;) * pu(git1). Also, u, * g5 ' = u, 0 g5

Thus, ¢;¢q;+1 becomes c;w;12’ -1 fi+1. We can find a unique label reduced path

b; in C; which corresponds to ¢;w;+1 and then b;2’ -1 fi+1 is label reduced.
If 1u(q:) * plci) # pu(qi) o p(c;) then we can substitute ¢; by f;2” 'w; and using
the same argument as above show that we obtain a label reduced path f;z” 1y,

which corresponds to g;c;.

After finitely many such substitutions we get a label reduced path ¢ such that
o(q) = olp), t(q) = t(p), ulg) = u(p) = w. Finally, using the property (8) one
can construct a unique label reduced path ¢ such that o(¢’) = o(p), t(¢') =
t(p), u(q') =m(w).

(2) Let g € FZl be such that

m(g) = w(hy)u®w(ha) - w7 (hms1)-

If w < u, then (2) follows by induction. Suppose u = u,. By induction either
there exists a unique label reduced path p; in A(n — 1) for hy originating from
v € A(n) such that p(p1) = 7w(hy) or for any path ¢; in A7 originating from

v it follows that p(q1) # hi. In the latter case there exists no path p for g
such that @ = g, because if it exists then by (1) there exists a unique path
q such that o(q) = o(p), t(q) = t(p), ulg) = w(g). But ¢ contains an initial
subpath ¢; originating from v with the label p(q1) = w(h1) — a contradiction.
In the former case we continue with u®*. Since ¢(p1) belongs to some u-component
C; of A(n) then by Lemma 3.18 either there exists a unique path ¢; in P, such
that o(c;) = t(p1) and u® € p(c1) * Hy(o(c;)) or there exists no continuation of p
in Cy which is labeled by u®i. Again, if this continuation does not exist then there
exists no required path for g, if it does exist then we continue. After at most 2m+1
number of steps we get the required result. This completes the proof of (2) and the
proposition. O

In order to prove the main technical result of this section we need several
lemmas.
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Lemma 4.10. Let T’ be a finite U-folded (Z[t], X)-graph such that U(A) =
{ur, ..., uyay} and let uw € U be such that u > wyay. If v € V(I') and there
exists a path p in T' such that o(p) = v, p(p) = m(u**), k € N then there exists a
path q in T such that o(q) = v, p(q) = m(utl).

Proof. By the choice of U we have 7(u?) = 7(u) 7(u) = 7(u)?. Hence, it implies
that a path in I" originating from v and labeled by 7(u*), k € N contains an initial
subpath labeled by 7(u).

On the other hand, let p be a path in I' such that o(p) = v, pu(p) = m(u” k),
k € N. Thus, we have a path p~! originating from #(p) such that p(p=!) =
Since T' is U-folded it follows that there exists a path r in I' such that o(r )
t(p), u(r) = w(u*). By the choice of U we have 7(u*) = m(u)* and hence r contains
a terminal subpath 71 such that t(r1) = v, u(r) = 7(u). Thus, for r;* we have
o(rfl) =, u(rfl) = u~!. Finally, since I' is U-folded there exists a path g such
that o(q) = v, u(q) = m(u1). m|

Lemma 4.11. Let T' be a finite (Z[t], X)-graph such that U(T') = {u1,...,uyr}.
Let u, € U(T"), C be auy,-component of I, v € V(C). Suppose I'(n—1) is U-folded.
If there exists a path p in T'(n — 1) such that o(p) = v, u(p) = uk oc, k € Z then
there exists a path r = riry in I'(n) such that o(r) = o(p), t(r) = t(p), u(r) =
w(p), 1 € T(n —1), p(r) = w(un)’, |kl = |I| + 1, t(p1) € V(C) and 3 is a
(un, 0)-trregular path of type 1 or 11, where dk > 0.

Proof. Without loss of generality we can assume that k£ > 0 and also that wu,, 1 =
max{U (uy)}. Hence

Up =h1oupt0ohgo---oup™ ohyq1,
where m > 1 and
m(un) = m(hy)upt 7 (h2) - up™ 7 (A y1)-
Since 7(up, © Uy ) = w(Up) T(Uy) then

m(uy 0¢) = (m(ha)up ym(ha) - - - up ™y w(hin1)) S (A Jupt

xm(he) -+ m(up™y © hing1 o).

Since I'(n — 1) is U-folded then by Proposition 4.9 there exists a path 7 in I'(n — 1)
such that o(r) = o(p), t(r) = t(p), u(r) = 7(uk o c). Hence, there exists an initial
subpath r; of r such that ¢(r;) € V(C) and

p(ry) = (w(ha)ugt ymw(ha) - upm 7w (homgr))*

and the initial subpath ro of r such that r = rire is a (uy,d)-irregular path of
type I, where dk > 0. O
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Lemma 4.12. Let I' be a finite (Z[t], X)-graph such that U(I') = {u1,...,uym}.
Let u, € U(T), C be a uy,-component of T', v € V(C). Suppose

(1) T'(n —1) is U-folded,
(2) T'(n) satisfies the conditions (1)—(7)
(3) there exists a path p in T'(n) such that o(p) = v, u(p) =uk oc, k € Z and c

n
1 as an initial segment.

does not have u:;

Then there exists a path r = 179 in T'(n) such that o(r) = o(p), t(r) = t(p), u(r) =
w(p), r1 € T'(n— 1) and one of the following holds:

(1) p(r1) =up, oc1,
(2) p(r) =7n(un)t, |I| = k| =1, t(r1) € V(C) and ro is a (un,§)-irregular path of
type 11, where ok > 0.

Proof. Without loss of generality we can assume that k& > 0.

Let p1 be the maximal initial subpath of p which does not contain edges labeled
by u%, « € Z[t] — Z. Since T'(n) satisfies the conditions (1)—(7) then we can assume
that p1 € D(n —1). If u(py) = u¥ o ¢; then we are done. Suppose on the contrary

1

that u(p1) = u;, ow;y and I < k. Hence, u, = w1 o ws. If I < k — 1 then we have a

contradiction since we obtain wy o wg = wsg o wq. Thus, | =k — 1.

Since T'(n — 1) is U-folded then by Proposition 4.9 there exists a path ¢ in
[(n — 1) such that o(q) = o(p1), t(q) = t(p1), p(q) = m(ul, o wy). On the other
hand we have

m(up, 0 wy) = m(ub, )mw(wy),

so q can be subdivided as ¢ = q1¢2 so that u(q1) = m(ul)) = 7(un)!, p(ge) = 7(wy).

Finally, if po is such that p = pips then we set 11 = g1 and ro = gape. Observe
that ¢(r1) € V(C) because I'(n) satisfies the conditions (1)—(7) and 73 is a (up,d)-
irregular path of type II, where 6 = 1. O

Proposition 4.13. Let T’ be a finite connected (Z[t], X)-graph. Then there exists
a U-folded (Z[t], X )-graph A which is obtained from T by a finite sequence of free
and u-foldings. Moreover A can be found effectively.

Proof. To prove the proposition we use the induction on I(T). If [(T") = 0, that
is, all edges in I" are labeled by letters from X*, then by Lemma 3.6 using finitely
many free foldings one can obtain from I" a partially folded (Z[t], X )-graph A which
satisfies all the conditions (1)-(8) since it does not contain u-components.

Assume that the statement of the theorem holds for any graph of level n — 1.
Let [(T') = n and let U(T) = {u1,...,un}.

We construct a (Z[t], X )-graph A from I' in several steps which are described
in the series of claims below.

Claim 4.14. Let ® be a (Z[t], X)-graph such that I(®) = n and U(P) =
{u1,...,un}. By finitely many free and u-foldings, where u € U(®P), one can
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transform ® into a (Z[t], X)-graph ®¢ such that Po(n — 1) is U-folded and all
Uy, -components of ®qy are u.,-folded.

Proof of Claim 4.14. Let C4,...,Ck, K € N be the list of all u,-components
of ®. Using finitely many wu,-foldings every C; can be transformed into a -
folded u,-component independently of all other C, j # i. Observe that after all
these transformations in the resulting graph ® we can have that ®'(n — 1) is not
U-folded any more. But this can happen only if two vertices of ®(n — 1) have been
identified, that is, if performed w,-foldings have decreased the number of vertices
in the u,-components and

K K
S viel < o vien!

where C/ is a u,-component of ® which is obtained from C;. By the induction
hypothesis we transform @’ into a new (Z[t], X)-graph so that ®(n — 1) trans-
forms into ®’(n — 1) which is U-folded. Correspondingly, C1, ..., C} transform into
CY,...,Cf and a u,-component C!', i € [1, K] can be not u,-folded only if two
vertices of C! have been identified while transforming ®’ into ®”. In this case again
we have

K K
doIVEhHl < Y Ve
i=1 i=1

Both inequalities above show that in a finite number of steps we obtain a (Z[t], X )-
graph ®( such that ®o(n—1) is U-folded and all u,,-components of ®q are u,-folded.
The claim is proved.

Claim 4.15. Let ® be a (Z[t], X)-graph such that I(®) = n and U(P) =
{u1,...,un}. Adding finitely many edges to ® and using finitely many free and
u-foldings, where u € U(®) one can transform ® into a (Z[t], X )-graph ®¢ such that

(a) @ satisfies (1)-(3),
(b) ®o(n — 1) is U-folded,
(c) if v e V(®) and vy € V(Pg) corresponds to v then L(P,v) = L(Pg,vp).

Proof of Claim 4.15. By Claim 4.14 we can assume ®(n — 1) to be U-folded and
all u,-components of ® to be u,,-folded.

For any edge e € E(®) such that u(e) = uke, k. € Z we add to ® a new path p,.
such that o(p.) = o(e), t(p.) = t(e), pu(pe) = m(u,)*e. The graph thus obtained we
denote by ®’. Obviously L(®,v) C L(®’,v). On the other hand observe that any
reduced path p in @ which contains at least one new edge also has a subpath p,
such that there exists e € E(®) and o(e) = o(pe), t(e) = t(pe), p(e) = p(pe). Thus,
substituting p. by e and continuing by the induction on the number of new edges
in p one obtains a path p’ in ® such that o(p/) = o(p), t(p') = t(p), u@') = u(p).
Hence, L(®',v) C L(®,v).
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Using the induction hypothesis and Claim 1, we obtain a new graph ®” such
that ®”(n—1) is U-folded and all its u,-components are u,-folded. Observe that if
there exists e € E(®") such that u(e) = u¥, k € Z and there exists no path p. such
that o(p.) = o(e), t(pe) = t(e), u(pe) = m(u,)* then it means that transformation
of @ into ®” has affected w,-components of ®’, that is,

K K
>_IV(ENI < 3 IV(ED

where C1,...,C%, K € Nis the list of all u,-components of ® and C{,...,C} are
the corresponding u,,-components of ®”. Hence, continuing the operation described
above we can obtain a graph with the required property and in fact we can assume
®" to be such a graph. However, u,,-components of ®’ may be not isolated.

Let © be a connected component of ®'(n — 1) which contains C{ and let z €
V(@' (n—1))NV(CY). By Lemma 4.10, since © is finite we can find all vertices of ©
which are connected with z by paths labeled by finite exponents of u,,. Denote the
set of these vertices by V. Suppose there exists 2’ € Vor NCY, j € [1, K], j # 1.
Hence C7' and C7 are connected by a path p such that o(p) = z, t(p) = 2', u(p) =
7(u,)*, k € Z. Hence we add to ®” an edge e, labeled by u¥ and reduce by this
the number of u,-components of ®”. Since this number is finite then using the
considerations above we obtain a new graph ® with the properties (1)—(3). The
claim is proved.

Claim 4.16. Let ® be the (Z[t], X )-graph obtained in Claim 4.15. Adding finitely
many edges to ®g one can transform P into a new (Z[t], X)-graph ®1 such that

a) @y satisfies (1)—(3),

b) ®y(n—1) is U-folded,

c) if vg € V(®g) and vy € V(P1) corresponds to vy then L(Py,v1) = L(Pg,vp),

d) if C is a up-component of @1, v € V(C) and there exists a loop p in ®1(n—1)
at v such that p(p) = uk, k € N then ut € H,, (2¢).

N~ o~

Proof of Claim 4.16. Let C1,...,Ck, K € N be the list of all u,-components
of ®y. Let © be a connected component of ®y(n — 1) which contains C; and let
2 € V(®o(n—1))NV(C1). Suppose there exists a loop p in © at z such that u(p) =
uk | k> 0 (observe that we can check this effectively in view of Lemma 4.10). Since
®o(n—1) is U-folded we can assume that u(p) = 7(u,)* and k is minimal possible. If
uk ¢ H,, (2) then we add to ®g a new edge e such that o(e) = t(e) = 2, u(e) = uk.
Let ®( be the resulting graph. Then V(®() = V(®¢) and it is easy to see that for
any v € V(®g) we have L(®(,v) = L(Py,v). Moreover, ¢ satisfies (1)—(3)
Let

K

My(®) = 1,

i=1
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where H,, (z¢,) N (u,) = (uli), I; >0 and i € [1, K], and
My (®o) = [{Ci | Hu, (20,) N (un) = &, vi € V(Ci), i € [1, K]}|.

The same characteristics can be introduced for ®( as well and considering ordered
pairs (M7 (®q), M2(Pp)) and (M;(Pf), M2(Py)) we have that

(M (2g), M2(®5)) < (M (Do), M2 (o))

with respect to the right lexicographic order. Indeed, if H,, (z¢,) N (u,) = € then
Ml((I)(/)) < Ml((I)()) and (Ml((l)(/)),Mg((I)(/))) < (Ml(q)o),Mg((I)o)) If Hun(ch) n
(un) = (ulr), Iy > 0 then M;(®)) = M;(®g). Let H be a free abelian group associ-
ated with the u,-component Cy U {e} of ®f. Then H N (u,) = <u£;1> and obviously
l1 > lll Hence, Mg((I)6) < MQ(CI)()) and (Ml((I)6); MQ((I)6)) < (Ml(q)o),Mg((I)o))

The operation described above can be applied to all u,-components of ®y3 and
to all their vertices which also belong to ®o(n — 1). The convergence of this process
follows from the fact that M>(¥) is bounded for any (Z[t], X)-graph ¥ and M; (P)
is bounded for any fixed value of My(¥). After the process stops we obtain the
required graph ®;. The claim is proved.

Claim 4.17. Let ® be a (Z[t], X)-graph such that () = n and U(P) =
{u1,...,un}. Adding finitely many edges to ® one can transform it into a (Z[t], X)-
graph ®¢ such that

(a) ®q satisfies (1)-(4),
(b) ®g(n — 1) is U-folded,
(¢c) if v e V(®) and vy € V(D) corresponds to v then L(Po,vg) = L(P,v).

Proof of Claim 4.17. Applying Claims 4.15 and 4.16 to ¢ we obtain a new graph
@’ which has the properties listed in Claim 4.16. It follows from the proofs of the
claims above that either @ = ® or

(Ml ((I)/)a MQ((I)I)a M3((I)l)7 M4((I)/)) < (Ml((I))v M2((I))a M3((I))v M4((I)))

with respect to the right lexicographic order, where Ms(¥) is the total number of
vertices in wu,-components of ¥ and M, (V) is the number of u,-components of U.
Let C be a u,,-component of &'. If H, (z¢)N{uy) = ubl), k(C) > 0 then for any
v e V(C) we add to @ a loop p, such that o(p,) = t(p,) = v, p(py) = 7(uy ) ).
This operation can be performed for all w,-components of ®" and let ®” be the
resulting graph. It is clear that

(M (@"), Ma(®"), M3(D"), My(®")) = (M1(D'), Ma(P'), M3(®"), My(D")).

If ®”(n — 1) is not U-folded then by iterating application of Claims 4.14-4.16
eventually we obtain the graph ®; with the properties (1)—(4) such that ®o(n — 1)
is U-folded. The claim is proved.
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(us)

Fig. 4. Getting properties (1)—(4).

Claim 4.18. Let ® be a (Z[t], X)-graph such that I(®) = n and U(P®) =
{u1,...,un}. Adding and eliminating finitely many edges to ® one can transform
it into a (Z[t], X )-graph ®¢ such that

(a) ®o satisfies (1)—(5),
(b) ®o(n —1) is U-folded,
(c) if v e V(P) and vy € V(Dg) corresponds to v then L(Pg,vg) = L(P,v).

Proof of Claim 4.18. In view of Claim 4.17 we can assume that @ satisfies (1)—(5)
and ®(n — 1) is U-folded.

Let C' be a wu,-component in ®. Since C is u,-folded then by definition there
exists a positively-oriented path Po associated with C' such that V(C) = V(P¢).
Let v1,vy € V(C), vy # vy. Consider the following possibilities.

Suppose the subpath p = e1---¢; of Po is such that o(p) = vy, t(p) = vy
contains an edge labeled by an infinite exponent of u,, say e; and suppose there
exists an integer k, such that u(p) xup'™ € H,, (Zc). It Hy,, (2¢) N (uy) = € then
such k, is unique, while if H,,, (v1) N (u,) # € then there are infinitely many r € Z
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Fig. 5. Getting the property (5) (o > 0).

such that u(p) * u™" € H,, (2¢) all of which belong to the coset u*» * (H,, (zc) N
(un)) and this ensures that it does not matter which one of them is chosen. Thus,
we add to C' an edge e such that o(e) = vy, t(e) = va, ule) = ur? but eliminate an
edge e; from Pc. Observe that this operation does not change H,, (2¢). Moreover,
if we denote the resulting graph by @ then V(®') = V(®) and for any v € V(®)
we have L(®',v) = L(®,v). In addition, obviously M;(®') = M;(®), My(®') =
My(®), M3(D') = M3(®), My(®') = My(®).

Let
K
My(¥) = Y m(Cy),
i=1
where C, ..., Ck are u,-components of ¥ and m(C;) is the number of edges labeled

by infinite exponents of u,, in Pg,, ¢ € [1,K]. Then (My(®’), M2(P'), Ms(P’),
My(®), Ms(®")) < (M1(®), Ma(P), M3(P), Ma(P), M5(P)) with respect to the
right lexicographic order. It follows that using the operation described above one
can minimize the number of edges of ® labeled by infinite exponents of u,, in all
un-components of ®. If necessary one can iterate the process together with the
claims above to obtain the required graph ®. The claim is proved.

Claim 4.19. Let ® be a (Z[t], X)-graph such that I(®) = n and U(P®) =
{u1,...,un}. Adding and eliminating finitely many edges to ® one can transform
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it into a (Z[t], X)-graph ®¢ such that

(a) ®q satisfies (1)-(6),
(b) ®g(n —1) is U-folded,
(¢) if v € V(P) and vy € V(Pg) corresponds to v then L(Pg,vg) = L(P,v).

Proof of Claim 4.19. In view of Claim 4.18 we can assume that @ satisfies (1)—(5)
and ®(n — 1) is U-folded.

Let C be a wu,-component in ®. Since C is u,-folded then by definition there
exists a positively-oriented path Pc associated with C' such that V(C) = V(P¢).
Let v1,v3 € V(C), vy # va.

Suppose there exists a reduced path r in ®(n—1) such that o(r) = vy, t(r) = vy
and p(r) = ul,, 1> 0. Since ®(n—1) is U-reduced by Proposition 4.9 we can assume
7 to be label reduced and pu(r) = 7(u,)". Then, there exists a unique label reduced
path ¢ in ®(n — 1) such that o(q) = vi, t(q) = ve and u(q) = m(un)*, 1 >k >0
and for any two initial subpaths ¢, g2 of ¢ such that p(q) = 7(un)*, plg) =
m(un)*2, k1 < ke < k we have t(q1) # t(ga).

Since v1,v2 € V(C) then there exists a reduced subpath p of Po such that

o(p) = v1, t(p) = v, pu(p) = uy, o € L[t].

If p consists only of edges labeled by finite exponents of w, then from the
properties (3) and (4) of ® and from the fact that ®(n — 1) is U-folded it follows
that there exists a unique label reduced path p’ in ®(n — 1) such that o(p’) =
o(p), t(p') = t(p), u(p') = m(un)®. Hence, o(q) = o(p'), t(q) = t(p'). If p is positive
then so is p’ and we have pu(p’) = u(q), otherwise we have a contradiction either with
the choice of ¢ or with the fact that ®(n — 1) is U-folded. Thus, by Proposition 4.9
we have ¢ = p’. If p is negative then p’ is also negative and we have a positively
oriented loop in ®(n—1) at v; which is a concatenation gp’ ™" so u(qp' ™) € Hy, (z¢)
otherwise a contradiction with (4).

Thus, we can assume that p contains an edge labeled by an infinite exponent
of u,. Then u(p) * m_l ¢ H,, (zc) otherwise we have a contradiction with (5).
So we add to C an edge e labeled by u* such that o(e) = vy, t(e) = v2. Denote
the resulting graph by ®’. Observe that after the performed operation the new ,,-
component C'U {e} may not be u,-folded. Applying Claim 5 to ®’ we obtain a new
graph ®” and it follows from the proof of Claim 5 that (M;(®"), Ma(®"), M5(D"),
My(@"), M5(D")) < (M1(®'), Ma(®"), M3(®"), My(®"), M5(®')) with respect to
the right lexicographic order. Hence, after finitely many iterations of the process
described above we obtain the required graph ®,. The claim is proved.

Claim 4.20. Let ® be a (Z[t], X)-graph such that I(®) = n and U(P) =
{u1,...,un}. Adding and eliminating finitely many edges to ® one can transform
it into a (Z[t], X )-graph ®¢ such that

(a) @q satisfies (1)—~(7),

(b) ®o(n —1) is U-folded,
(¢) ifve V(P®) and vy € V(D) corresponds to v then L(Po,vo) = L(P,v).
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Proof of Claim 4.20. In view of Claim 4.19 we can assume that @ satisfies (1)-(6)
and ®(n — 1) is U-folded.

Let C be a u,-component in ®. Using Lemma 4.10 we find all paths labeled by
m(un)™, m € Z in ®(n — 1) which originate from vertices of C'. The endpoints of
these paths compose a finite set S.

Let v; € V(C') and suppose there exists a reduced path r in ®(n — 1) for which
o(r) = v, t(r) = vy, va € S— ¢ V(C) and pu(r) = ul, | € Z. Since ®(n — 1) is U-
reduced by Proposition 4.9 we can assume 7 to be label reduced and ju(r) = m(u,)".
Also, without loss of generality we can assume [ > 0. Then, there exists a unique
label reduced path p in ®(n — 1) for which we have o(p) = v1, t(p) = v2 and
u(p) = m(un)®, 1 > k > 0 and such that for any two initial subpaths p;,ps of p
such that u(p1) = 7(un)™, w(p2) = 7(un)™2, my < ma < k we have t(p1) # t(p2).
Let us denote a; = t(p;), where p; is an initial subpath of p such that u(p;) =
m(un)t, i € [1,k].

If u* € H,, (zc) then by Proposition 4.9 there exists a unique label reduced
cycle g at vy in ®(n — 1) labeled by the generator of H,, (z¢) N {uy). Hence p = ¢
because of the choice of p and the fact that ®(n — 1) is U-folded. So vy = vg —
contradiction. Hence uf ¢ H, (z¢).

Let v be any vertex in V(C') and let g, = e1 - - - e, be a label reduced subpath
of Pc such that o(q,) = v, t(q) = v1, ple;) =uli, i € [1,m] (g, exists since C' is
up-reduced).

(i) Suppose there exists v € V(C) such that u(q,) * uf € H, (z¢). Then all
edges in ¢, are labeled by finite exponents of u,, — otherwise (5) breaks for ® and
we have a contradiction. Finally, since ® has properties (3) and (4) and ®(n — 1)
is U-folded it means that p connects two vertices in C' and, hence, v € C —
contradiction.

(ii) Suppose for any v € V(C) we have u(q,) * u* ¢ H, (2¢). Then we add
to C a path fife--- fx so that o(f1) = vi, t(fi) = o(fix1) = ai, i € [Lk —
1], t(k) = va, u(fi) = un, i € [1,k]. Applying k u,-foldings we fold f1fa--- fr with
Pc and the obtained w,-component is u,-folded because of our assumption on k.
If we denote resulting graph by ®' then ®'(n — 1) is U-folded because vy has not
been identified with any vertex of ® and @' has the properties (1)—(6). Also we
have My5(®') = M5(®), although M3(®") = M3(P) + k.

Since S is finite then applying the operation described above we add to C all
vertices from S and the same can be done for all u,-components of ®. On each
step the resulting graph has the properties (1)—(6) and its n — 1-level is U-folded.
In finitely many steps we get a the required graph ®. The claim is proved.

Claim 4.21. Let ® be a (Z[t], X)-graph such that () = n and U(P) =
{u1,...,un}. Suppose ®(n — 1) is U-folded and ® satisfies (1)—(7). Let C be a
Up-component of ®, v € V(C) and let p be a (un,d)-irreqular path p of type 1
originating from v. Then either p is doubled in ®(n — 1) or there exists a path

r = rirg in ®(n — 1) such that o(r) = o(p), tir) = t(p), wlr) = wp),
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p(r1) = m(h)upt yw(he) - 7 (hm), plra) = un™ o hpyr0¢, u) | = hyyr 0/,
where v € {1, =1}, amy >0 and

m(un)® = w(h)ulL w(h2) - -l 7 (hmi1)-

Proof of Claim 4.21. Without loss of generality we can assume § = 1. Let

p=dipids - - dipprdi+1,

where p; is a path in some u,,_1-component of ®(n—1) and d; is a path in ®(n—1)
which does not contain edges labeled by u%_, « € Z[t]. We can assume that there
exists no initial subpath d’; of d;p; - - - dgprdi11 such that u(d’;) = ufll and there

exists no terminal subpath d”; of d; such that u(d”;) = ufll — otherwise, since

®(n — 1) is U-folded, by induction we can assume that ¢(d’;) and o(d”;) belong to
some u,_1-components and there exist edges e/, €” such that o(e’) = o(d';), t(e') =
t(d'), ple') =ull,, o(e”) =o(d";), t(e") =t(d";), p(e") =ull,, so that we can
substitute d’;, d”; by €’, e correspondingly and consider the path p’ obtained from
p by such substitutions. Let u(p;) = ugil.

Observe that by the properties of standard decompositions h; does not have

Up—1 as a terminal segment. On the other hand |u(di)| > |h1] because of the

choice of h1.

(i) If |iu(dy)| = |h1| then automatically u(di) = hi. Now, either §; < aj or
B> an, u) ;= hoou', v e {l,—1}, v # ¢ and 7(uy,) = w(hy)up' w(ha) —
otherwise a contradiction with the choice of hs.

In the former case, if 31 = a1 then we proceed with do, as before with dy, but
if 81 < i, then u(dy) contains u,_1 as an initial segment, that is, do is (up—1,1)-

irregular of type I or IT and by induction there exists a doubling path z = z; 25 for ds

such that o(dz) = o(z), t(d2) =t(2), u(z) = pu(p), p(z1) = m(up-1), t(21) = o(z2)
and t(p1) belong to the same w,,_1-component D. So, we have either a path d;p;
or a path dip1z1 labeled by m(hi)u, ;.
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In the latter case, u,, = hyouy ;ohy and there exists the required path r = 7179,
where pu(r1) = 7(h1) and p(re) = u® johgoc, ul | =hyou', v e {1,-1}.

(ii) If |p(dr)] > |h1| then by [10, Lemma 6.9] we should have p(dy) = hy o
uf_ |, k € 7, where the sign of k depends on the sign of a; and we can assume
k > 0. In fact, because of our assumption about d; we have kK = 1. Hence, d;
is (tn—1, 1)-irregular of type I or IT and by induction there exists a doubling path
z = 2129 for dy such that o(dy) = o(2), t(d1) = t(2), p(z2) = 7(un—1), t(z1) = o(22)
belongs to some u,,_1-component D. Observe that t(z1) and ¢(d;) belong to the
same U, _1-component D.

We proceed with p;. We have either 1 +1 < aj or 1 +1 > aq, UZL 1 =hao
u'y ye{l,-1}, v # e and 7(u,) = w(h1)uyt ;7w(he) — otherwise a contradiction
w1th the choice of hs.

If 81 + 1 = a1 then we proceed with do, as before with dy. If 81 + 1 < a1, then
1(ds) contains u,_1 as an initial segment, that is, dg is (u,—1, 1)-irregular of type
I or IT and by induction there exists a doubling path 2z’ = 2124 for dy such that
o(d2) = o(z'), t(d2) = t(2), u(z1) = m(un—1) and t(z1) = o(z3), t(p1) belong to
the same u,,_1-component D. So, we have either a path z129p1 or a path z129p12]
labeled by m(hq)uy®

Efi+1>a1, u ;’l L = hoot!, v e {1,-1}, v # e and w(up) = w(h1)uy  w(ha)
then w, = hj ou,', o hy and there exists the required path r = 772, where
p(r1) = m(h1) and u(re) = u® | o hyoc.

We have considered the first step and now the proof of the claim follows by
induction on m.

Claim 4.22. Let ® be a (Z[t], X)-graph such that () = n and U(P) =
{u1,...,un}. Suppose ®(n — 1) is U-folded and ® satisfies (1)~(7). If C is a wy-
component of ®, v € V(C) and there is a doubled (uy,d)-irreqular path p of type 1

originating from v then any (uy,,d)-irreqular path r of type 1 originating from v is
also doubled.

Proof of Claim 4.22. Suppose there exists an undoubled (uy, d)-irregular path
r of type I originating from v. By Claim 4.21 we have r = 2129, p(z1) =

w(ha)ug w(ha) -+ (), 1(z2) = U™y © b1 0 €(r), Wy_y = hynsr o', where
v € {1,—1} and

W(un)d = m(h)uptym(h2) - up™ T (A1)

Since p is doubled then there exists a label reduced path ¢ = ¢1¢2 in ®(n — 1) such
that o(q) = v, t(q) = t(a2) = t(p), @) = ulp), ula) = 7(ua)’, ta) € V(C).
Observe that ¢g; = zlrl, where u(r1) = uy™ 7(hm+1). We use the notation r; =
rors, where u(re) = up™, and p(rs) = w(hm41)-

Consider a(r) = gml 0 hym1 0 ¢(r). Without loss of generality we can assume
> 0, 50 v = 1. Since a,;, > 0 it follows that

m(a(r)) = ug(ﬂ oayo---0ay
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and (1) > am+7. ®(n—1) is U-folded so there exists a path d in ®(n—1) such that
o(d) = o(z2), t(d) =t(z2), u(d) = m(a(r)) and we denote by d; the initial subpath
of d such that p(dy) = ui(fi Observe that t(rg) ~y, , t(d1). Since ®(n — 1) is U-
folded there exists a continuation 75 of r3 such that t(r5) ~u, , 0(rs) ~u, , t(di).
Hence, there is a label reduced path z such that o(z) = t(r3), t(z) = t(r),

A B(r)—om—y
1

pu(z) =u'ou,"’ oajo---oay

and ¢ z is label reduced. Finally, p(q12) = p(r), o(q1z) = o(r), t(q1z) =t(r) so 12
is a doubling of » — contradiction with our assumption. The claim is proved.

Claim 4.23. Let ® be a (Z[t], X)-graph such that I(®) = n and U(D)
{u1,...,un}. Suppose ®(n — 1) is U-folded and ® satisfies (1)~(7). If C is
a un-component of ®, v € V(C) and there are (un,o)-irreqular paths p =
Po(n—1)Pd(n)s T = To(n—1)To(n) of type 11 originating from v then p(pe@—1))
1(ram-1))-

Proof of Claim 4.23. Without loss of generality we can assume § = 1. We have
P = Pe(n—-1)Pd(n)s Pd(n—1) € o(n — 1), M(pq>(nf1)) = wy, M(pq>(n)) = wyoc(p) =

up” o c1(p), Vp € Z[t] — Z, up = w1 0wz, we # ¢ and r = TH(n—1)T®(n)> Td(n—1) €
(I)(n - 1); /‘(“D(n—l)) = ws, M(r¢'(n)) = Wyq © C(T) = u;yzr o 61(7'), Yr € Z[t] - Z,
Uy = W3 O Wy, Wy F E.

Observe that if 7,7, > 0, that is, for example 7, > 0, v, < 0 then we have
w3 O Wy = W3 O w;l and wy = w;l = ¢ — contradiction. So, we can assume
Yp >0, v > 0.

Suppose |wi| > |ws|. Then wy; = w3 oa, a # . Observe that w; o u,” and
ws o u) have common initial segment of the length at least 2|u,,| and we obtain

w1 O0W3 OwWyg ©OW3 = W3 ©wWy1 ©wW2 ©W1.
It follows that [w1,ws] = [wi,a] = [ws,a] = . On the other hand we have
Wy O W3 = W2 ©W1q.

Since w4 = aowsy then aowsows = wsowsoa and using the fact that wzoa = aows
we obtain wy 0 a = a o wy. Hence, [wa, a] = [we, w1] = €. It follows that wy,ws are
powers of the same element and u,, is a power — contradiction.
Hence, |w1| = |ws| and thus w; = w3, we = wy4. The claim is proved.
) )

Claim 4.24. Let ® be (Z[t],X)-graph such that U(®) = n and U(P) =
{u1,...,un}t. Suppose ®(n — 1) is U-folded and @ satisfies (1)~(7). If v € V(®)
and p a path in ®(n — 1) such that o(p) = v, u(p) = w(w) then for any w1, ws such
that w = wy o we one can construct a (Z[t], X)-graph ®¢ such that

(a) g satisfies (1)—(7),

(b) ®(n —1) is U-folded,
(c) if vy € V(@) and va € V(Dg) corresponds to vy then L(®,v1) = L(Pg, va),
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(d) there exists a path ¢ = q1q2 in ®g such that o(q) = v, t(q) = t(p), ulq) =
m(wi), p(g2) =m(ws).

Proof of Claim 4.24. Let
m(w) = mw(hi)uptym(he) - up™ m(himg).

We conduct the proof by induction on k = max{U(w1)}.

Let K = 0. Hence w € F(X). Let ryr2 be the initial subpath of p such that
ro € E(®), p(r1) = n(g), g € F(X), p(r2) = uf, a € Z[t] — Z. We can assume
that u; € F(X) and o > 0.

If |wi] < |g| then ® already has the required path and we are done. Hence
assume that |wy| > |g|. It follows that w; = g o u} o ¢, where c is an initial subpath
of u; (possibly trivial) and k > 0.

Observe that o(r2) belongs to some uj-component of ®. If H,, (zp) N (uy1) # €
then we are done setting &g = ®. Thus, assume H,, (zp)N{u;) = . If there exists a
path in D originating from v and labeled by u’f"’l then there exists a corresponding
path in I'(0) with the same label and endpoints — we are done in this case. So, we
can assume that there is no such path in D. We split ro into f1fo -« fr2 so that
w(fi) =wu1, i € [1,k+1], u(frre) = uf ' and add paths z;, i € [1,k + 1] so that
o(zi) = o(fi), t(z) = t(fi), p(z) = m(u1). Thus obtained graph @, is U-folded
and there exists a path ¢ = qig2 in @ such that o(q) = v, t(q) = t(p), ulq) =
m(wi), plgz) = m(ws).

We assume that we can construct the required graph ®( for any w; such that
k =max{U(wy)} =n — 2. Suppose k =n — 1.

Let 7175 be the initial subpath of p such that pu(r1) = 7(h1), p(re) = u2*,. We
can assume that o > 0.

Since max{U(w;)} = n — 1 it follows that w; = hyoul_joc, a; >
0> 0, u,—1 = cocy. Observe that o(rs) belongs to some u,,_i-component D and
we can assume that there exists no path in D originating from o(r2) and labeled
by uf ;.

We add an edge e; and a vertex v; to ® so that o(e;) = o(ra), tle;) =
vy, p(er) = uf . Thus we have a u,,_1-component DU{e;} in the resulting graph.
We fold e; with Pp and obtain a new graph ®’ with the u,,_;-component D’ which
corresponds to D U {e1}. It is easy to see that H,, _,(zp/) = Hy,_,(zp). By our
assumption vy is not identified with any vertex of D in D’ hence vy divides some
edge f € E(D) into two edges f1 and fa so that o(f1) = o(f), t(f1) = o(f2), t(f2) =
t(f), u(f) =y, p(f1) =ul,, u(fa) = ul2,. Observe that |A| > 0 and we can
assume A to be positive.

1. A1, A2 > 0.

We can assume that D’ has the property (5), otherwise the situation reduces to
the case when either A1 or \s is finite. Hence, there exists no path in D’ originating
from vy and labeled by wu,_1.
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(a) Hu,_, (20/) N (un—1) = ujy_; #e.

Let ¢ be a graph which consists of a single loop labeled by 7(u,_1)*. Since
l(¢) = n — 2 then by the induction hypothesis there exists a corresponding U-
folded graph ¢'. Let a;, i € [0,k — 1] be the vertices of ¢ which correspond to the
endpoints of paths in v starting at o(¢) and labeled by 7(u,_1)%, i € [0,k — 1],
and let 6 = 60105 - - - 0, be a graph which consists of a single loop such that ¢(6;) =
0(0i41), i € [,k —1], t(0r) = 0(01), pu(0;) = un—1, i € [1,k]. Then we identify a;
with 0(6;41) for all ¢ € [0, k — 1]. It easy to see that ¢/ U6 is U-folded and we denote
it by W.

Now we add ¥ to ®’ so that ag is identified with vy and fold 8 with Pp/ (in fact
with f2). Hence we obtain a new graph ®” with the u,_j-component D" which
corresponds to D’ and such that ®”(n — 1) is U-folded. Observe that there exists
an edge ey in D" such that o(es) = v1, p(ez) = u,—1 and a path d in ®”(n — 2)
such that o(d) = vy, t(d) = t(e2), u(d) = m(up—1).

Fig. 7. Proof of Claim 4.24.

(b) Hy, _,(zp/) N (up—1) =¢€.

We divide fy into two edges ex and f} such that o(ex) = o(f2), t(e2) =
o(f3), t(f3) = t(f2), plez) = un—_1, p(fy) = w27, Let d be a graph which con-
sists of a single path labeled by 7(u,—_1). Since [(d) = n — 2 then by the induction
hypothesis there exists a corresponding U-folded graph . Abusing notation, we
denote the vertices corresponding to endpoints of d in ¢ by o(d) and t(d). Finally
we add a path ¢ to ®' so that o(d) = o(ez), t(d) = t(es) and obtain a new graph
®” with the u,_i-component D" which corresponds to D’ so that ®”(n — 1) is
U-folded.

2. Either \; or )\, is finite.

We can assume that Ay € Z. Hence H,, ,(zp/) N (up—1) = € and then there
exists no path in D’ originating from v; and labeled by u,_1. Then we divide fo
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into two edges e; and f4 such that o(ea) = o(f2), t(ea) = o(f3), t(f%) = t(f2),
pea) = un_1, p(fs) = u)27'. Similarly to 1(b) we add to @ (n — 2) a U-folded
graph corresponding to a single path ¢; labeled by 7(u,_ 1) so that o(¢;) is
identified with o(f1) and ¢(¢1) is identified with ¢(f1), and in the same way we
add a U-folded graph corresponding to a single path ¢o labeled by m(u,—1) so that
o(¢2) is identified with o(e2) and ¢(¢1) is identified with ¢(e2). The obtained graph
with the w,,_1-component D’ which corresponds to D’ we denote by ®”, and it is
easy to see that ®”(n — 1) is U-folded.

Eventually, in all cases above in the graph ®” there exists a path pydps such
that o(p1) = v, t(p1) = o(d) = vi, t(d) = olp2), tp2) = tp), p(p1) =
m(h)ul 1, p(d) = w(un_1), p(p2) = u®'m(hg) - ul™ 7w(hmy1). By the induc-
tion hypothesis considering d we can construct a graph @y in which there exists
a path djds such that o(dy) = o(d), t(d1) = o(d2), t(da) = t(d), p(dy) =
m(c), pu(da) = m(c1). Hence, setting ¢1 = p1dy, g2 = dapa we get the required.

Next, in the same way we consider wq = hy o u,', o hh(r), where hb is an
initial segment of ho and so on. In a finite number of steps we obtain the required
graph ®y. The claim is proved.

Claim 4.25. Let ® be a (Z[t], X)-graph such that () = n and U(P) =
{u1,...,un}. Suppose ®(n — 1) is U-folded and ® satisfies (1)~(7). If C is a wy-
component of ®, v € V(C) and there is a (uyn,d)-irreqular path p of type T or 11
originating from v then adding finitely many edges to ® one can transform it into
a (Z[t], X)-graph ®q such that

(a) ®q satisfies (1)-(8),

(b) ®o(n —1) is U-folded,

)
)
(¢) p is doubled in Py,
(d) if we V(®) and wg € V(Pg) corresponds to w then L(Pg,wy) = L(P,w).

Proof of Claim 4.25. Without loss of generality we can assume § = 1. We have
the following cases.

I. pis of type 1.
)

Since u is an initial subword of w = u(p) then by Claim 4.24 we trans-

n

form @ into the graph @ such that there exists a path ¢ = qiq2 in ®(n — 1)
and o(g) = v, t(q) = t(g2) = t(p), wlg) = pp), pla) = w(u.)’, wq) =
7(u; % * w). Finally to make this path ¢ a doubling of p we need just to attach
t(q1) to C.

II. p is of type II.

We have p = Po(n—1) Pa(n)s 0(]3) € V(C)a Po(n—1) € q)(n - 1)7 N(p{)(n—l)) =
w1, W(Pam)) =w2oc=u}ocy, ¥vELL =7, u, =wiows, wy #¢e, d €{l,—-1}.
That is, t(pa(n—1)) € V(D), where D is a u,-component of ®(n). Without loss of
generality we can assume v > 0. Since 7 >> 0 it follows that 7(u)ocy) = uzb/_loﬂ'((:g),
where v/ > v and ¢y is a terminal segment of ¢;.
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Fig. 8. Doubling of a (un, 1)-irregular path of type I. Possible case 1.
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Fig. 9. Doubling of a (un, 1)-irregular path of type I. Possible cases 2 and 3.

1. The first edge of pg(,) is labeled by finite exponent of w,,.

Then there exists a label reduced path d labeled by m(u,) such that o(d) =
t(po(n—1)), t(d) € V(D). On the other hand there exists a path p’ such that o(p') =
t(d), t(p’) = t(p), u(p’) = c2, thus pe,—1)dp’ has the same label and endpoints
as p. Now observe that pg(n,—1)d is (un, 1)-irregular of type I and the existence of
its doubling impies the existence of a doubling for p. Hence, we reduce everything
to the case I.

2. The first edge e of pg(n) is such that o(e) = o(pa(n)), ple) =ul, > 0.

(a) Hy, (zp) N (uy) # e.

By the properties (3) and (4) of ® there exists a label reduced path d labeled by
7(up) such that o(d) = t(pem—1)), t(d) € V(D). Also there exists a path p’ such
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that o(p') = t(d), t(p') = t(p), u(p') = ca, thus Pa(n—1)dp’ has the same label and
endpoints as p. Hence we have the reduction to the case I as in 1.

(b) Hy, (zp) N {uy) = e.

Observe that there exists no path in D starting at ¢(pg(,—1)) with the reduced
label u, 1 — otherwise D is not minimal with respect to the number of infinite
edges and we get a contradiction with the fact that ® has the properties (1)—(7).

Fig. 10. Doubling of a (un, 1)-irregular path of type II. Reduction to I.

We divide e by a new vertex v’ into two edges e; and ey so that o(e;) =
o(e), tler) =v', o(ez) =, t(ea) = t(e), per) = un, pu(ez) = ul~1. The resulting
graph we denote by ® and the wu,-component corresponding to D by D’. Observe
that D’ is u,-folded because of our assumption. Finally, we add a U-folded graph
corresponding to a single path d labeled by m(u,) so that o(d) is identified with
o(e1) and t(d) is identified with ¢(e;). The resulting graph ®” has the properties
(1)—(7) and ®"(n — 1) is U-folded. Finally, since t(d) € V(D’) then there exists a
path p’ such that o(p) = t(d), t(p') = t(p), w(p’) = c2, thus pe(,—1)dp’ has the
same label and endpoints as p. Everything reduces to the case I again.

This completes the proof of the claim.

Claim 4.26. Let ® be a (Z[t], X)-graph such that I(®) = n and U(P) =
{u1,...,un}. Suppose ®(n — 1) is U-folded and ® satisfies (1)~(7). If C is a uy-
component of ®, v € V(C) then adding finitely many edges to ® one can transform
it into a (Z[t], X)-graph ®g such that

(a) @ satisfies (1)-(8),

(b) ®o(n—1) is U-folded,

(¢c) all (up,d)-irregular paths of type 111 originating from v are doubled in Py,
(d) if we V(®) and wy € V(Pg) corresponds to w then L(Pg,wo) = L(P,w).

Proof of Claim 4.26. If there is no (uy,, §)-irregular path of type III originating
from v then we are done setting &y = P.
Suppose on the contrary that there exists a path p in ® such that

op) = v, ulp) = wilp), u) = wi(p) o wa(p), wa(p) # ¢, & € {1,~1} and
there exists a path p’ in C such that o(p’) = o(p), u(p’) = u), v € Z[t], v§ > 0.
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Without loss of generality we can assume § = 1, hence v > 0.

Observe that if v € Z then the first edge of p’ is labeled by a finite exponent of
uy, because of the properties (1)-(8) of ®. In this case it follows immediately that
all (uy, 1)-irregular paths of type III originating from v are doubled. This happens
also when H,, (z¢) N (u,) # € or there exists an edge f in C such that o(f) = v
and p(f) = uk, k € Z. Hence we can assume that H,, (2¢) N (u,) = € and that
the first edge e of p’ belongs to P and is labeled by an infinite positive exponent
of u,, that is, o(e) = v, u(e) =u?, > 0.

Observe that there exists no path in C starting at ¢(pg(,—1)) with the reduced
label u,_1 — otherwise C' is not minimal with respect to the number of infinite
edges and we get a contradiction with the fact that ® has the properties (1)—(7).

We divide e by a new vertex v’ into two edges e; and ey so that o(e;) =
o(e), tler) =v', o(ezx) = v, t(ea) =t(e), pule1) = un, pu(ez) = ul~1. The resulting
graph we denote ® and the resulting wu,,-component by C’. Hence C’ is u,-folded.

Let d be a graph which consists of a single path labeled by 7(uy,). Since I(d) =
n — 1 then by the induction hypothesis there exists a corresponding U-folded graph
1. Abusing notation we denote the vertices corresponding to endpoints of d in
by o(d) and ¢(d). Finally we add a path ¢ to ® so that o(d) = o(e1), t(d) = t(e1)
and obtain a new graph ®” with the u,, _;-component C” which corresponds to C”.

Observe that ®”(n—1) is not U-folded since there is at least one (u,,, 1)-irregular
path p of type III originating from v = o(d).

Let P be the set of all (uy, 1)-irregular paths in ® of type III which originate
from v. Since ®(n — 1) is U-folded then by Proposition 4.9 for each r € P there

exists a path p, in ® such that o(p,) = o(r), t(p,) = t(r), u(p,) = p(r). So, let
P'={p,|reP}

It is easy to see that P’ C P and P’ # ). Observe that it is enough to construct
doublings only for paths from P’.

We say that r € P’ has level k if k is the minimal natural number such that
r € ®(k). Hence P’ has a natural level structure, that is, all its elements are ranged
according to their levels. Observe that levels of paths from P’ are bounded by n—1.

Below we introduce the inductive procedure which transforms ®”(n — 1) into a
U-folded graph ®q. Hence all elements of P’ will be doubled in ®.

Let

m(un) = m(hy)uptyw(ha) - - up™ 7 (A ).

Let £ = 0.

All paths in P’ of level 1 are labeled by reduced words in X*. Let p, f be the
initial subpath of d such that u(p1) = 7(g), g € F(X), pu(f) = uf, o € Z[t] — Z.
We can assume that u; € F(X) and « > 0.

(i) Suppose there exist only finitely many elements of P’ of level 1. Then let
r € P’ be the path of level 1 with the maximal length. Hence we have m =

go u’f(r) o ¢(r), where ¢(r) is an initial segment of u; and all other paths from P’
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of level 1 are initial subpaths of r. We split f as fifo - fy()+2 so that p(f;) =
ur, i € [1,k(r)+1], p(frry+2) = uf™ " and add to d paths z;, i € [1, k(r)+1] so that
o(zi) = o(fi), t(z:) = t(fs), u(zi) = m(ur). Finally, we fold r with 2129 - - - 2j(y41-

(ii) Suppose there exist infinitely many elements of P’ of level 1. Since ® is
finite it follows that for any path r of level 1 we have pu(r) = g o ui(T)H(T)K o¢(r),
where i(r) € [0,K — 1], K € N, I(r) € N and ¢(r) is an initial segment of u;.
Hence we add at o(f) a loop fifa--- fik such that ¢(f;) = o(fit1), ¢ € [1, K —
1], t(fx) = o(f1) = o(f), u(fi) = w1, i € [1, K] and a path z122 - - zx such that
o(z) = o(z), t(z) = t(z), i € [1, K], u(z;) = w(u1), @ € [1, K]. Finally we fold
fifo- -+ [ with f and it is easy to see that now all paths from P’ of level 1 can be
folded with z129 -+ zk.

We can assume that all elements of P’ of level n — 2 have been folded with d.
Suppose k =n — 1.

Let p1f be the initial subpath of d such that u(p1) = w(hy), p(f) = unt,. We
can assume that oy > 0.

We can assume that there exists a path r € P’ of level n — 1 such that u(r) =
0(r)

n—1
Hence, 7 = 7179, where u(r1) = w(h1), p(r2) = u®_, and t(r;) belongs to some
Up_1-component D of ®. On the other hand, observe that for any path 7' € P’ of

hiowu a1 > 0(r) > 0. Otherwise we are done by the induction hypothesis.

- o(r’

level n — 1 such that u(r’) = hy o unil), ay > 0(r") > 0 we have r’ = r{r}, where
w(ry) = m(h1), p(rh) = ui(j;) and t(r}]) belongs to D. Hence we fold f with Pp and
the resulting u,_1-component D’ is w,,_i-folded.

Next, we consider elements r of P’ of level n — 2 such that u(r) = hy o u®" | o
h%(r), where h} is an initial segment of hg. In this case r = rirors, where u(ry) =
w(ha), p(re) =upty, p(rs) = w(hy) and we can assume that r179 is already folded
with d. But to fold r3 we can use the induction hypothesis and so on. In a finite
number of steps we obtain the required graph ®y. The claim is proved.

Claim 4.27. Let ® be a (Z[t], X)-graph such that () = n and U(P) =
{u1,...,un}. Adding finitely many edges to ® one can transform it into a (Z[t], X )-
graph ®q such that

(a) ®¢ satisfies (1)—(8),
(b) ifv e V(@) and vy € V(Pg) corresponds to v then L(®g,vo) = L(P,v).

Proof of Claim 4.27. In view of Claim 4.20 we can assume that ® satisfies (1)—(7)
and ®(n — 1) is U-folded.

Let C be a uy,-component of ® and v € V(C). In view of Claim 4.25 we can
construct a doubling for any (u,,, §)-irregular path of type I or IT originating from v.
Hence by Claims 4.22 and 4.23 all (u,,, §)-irregular paths of type I or IT originating
from v are doubled too. At the same time, in view of Claim 4.26 we obtain a new
graph @ for which all (u,,d)-irregular paths of any type originating from v are
doubled. Finally, since the number of u,-components is finite as well as the number
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of vertices in them then after finitely many steps we obtain the required graph ®.
The claim is proved.
By Claim 4.27, I" can be transformed into a U-folded graph A. O

It can be seen easily from the Proposition 4.13 that properties of U-folded
graphs are similar to the properties of folded X-graphs introduced in [4]. In [4]
X-graphs are used for studying the structure of subgroups in free groups and for
solving various algorithmic and combinatorial problems for free groups and their
subgroups. In the next subsection we try to do the same for finitely generated
subgroups of FZM! using (Z[t], X )-graphs.

4.3. Membership problem for subgroups of FZI]

In Sec. 4.1 (see Lemma 4.2) we saw that any finite (Z[t], X )-graph defines a subgroup
in FZ, We will show now that the converse statement is also true.

Proposition 4.28. Let H be a finitely generated subgroup of FZIl. Then there
exists a U-folded (Z[t], X)-graph T' and a vertex v of I' such that L(I',v) = H.

Proof. Since H is finitely generated then there are elements hi,...,h; in FZH
which generate H. Since FZ! is a union of the following infinite chain of groups:

FX)=Go<Gi < <Gp<-ev,

where G;41 is obtained from G; by extension of all cyclic centralizers in G, there
exists a minimal natural number n such that h; € G4 for all i € [1, k].

We define an (Z[t], X )-graph I'; in the following way. I'; is a wedge of k circles
wedged at a vertex denoted vy. The ith circle is subdivided into n; edges which are
oriented and labeled by letters from

B=X*U{u*|uecUacZt] -7}

so that the label of the ith circle (as read from v; to vy) is precisely the word 7 (h;).
Note that I'; is connected.
For any cycle p at v1 in T'; we have u(p) € L(T'y,v1) by definition. So H C

L(Ty,v1). The converse is obviously true — if g € L(T'1,v1) then it can be realized
as a reduced label of some cycle at v in I'1, so it can be obtained as a finite product
of basic cycles labeled by w(h;). Thus we have H = (hy,...,hi) C L(T1,v1).

By Proposition 4.13, from I'y by finitely many free and wu-foldings, where u €
Ule U(h;) one can obtain a finite U-folded (Z[t], X)-graph I" which is connected
and there exists some vertex v in I' which corresponds to v; in I';. By Lemma 4.3
we have L(T'y,v1) = L(T,v). O

Observe that I' constructed in the proposition above is not unique in general.
But all graphs associated with H define the same language which coincides with H.
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Proposition 4.13 only states the existence of (Z[t], X)-graph ' for H. But, in
fact, the following result follows directly from the procedures described in the proofs
of Lemmas 3.15, 3.17 and 3.18 and Proposition 4.13.

Proposition 4.29. There is an algorithm which, given finitely many standard
decompositions of elements hy,. .. hy from FXM constructs a U-folded (Z[t], X)-
graph T'; such that L(T',v) = (hq, ..., hg).

The next result is a solution of membership problem for finitely generated sub-
groups of FZI,

Proposition 4.30. Every finitely generated subgroup of FZ! has a solvable mem-
bership problem. That is, there exists an algorithm which, given finitely many stan-
dard decompositions of elements g, hi, ..., hi from FZH  decides whether or not g
belongs to the subgroup H = (hy, ..., hy,) of FZ,

Proof. We construct a U-folded (Z]t], X )-graph T', such that L(T',v) = (hq, ..., hg)
which is a finite algorithmic procedure by Proposition 4.29.
Let

F<H <Hy<---<H,,

be the extension series for g, where g € H,, and H;y; is obtained from H; by a
centralizer extension of a single element u; and let U(g) = {u1,...,un}. Then we
check if g € L(T', v) using inductive argument based on |U(g)|.

g € H=L(T',v) if and only if there exists a reduced cycle p at v in I" such that

g = p(p). By Proposition 4.9 of I' we can assume that p(p) = 7(g).
Let

7(g) = m(ha)ug (k) - - ulm (R ).

If [U(g)| = 0, that is, 7(g) is a reduced word in {X U X~} then we just try
to “read” m(g) in I'(0) starting at the vertex v — this can be done as shown in
[4, Proposition 7.2].

Suppose there is an algorithm which “reads” a standard decomposition of an
element h € H,_1, that is |U(g)| < n, starting from any point v € V(T') and
returns answer “yes” if there exists a path in I' corresponding to w(h) or “no” if
such path does not exist. Then we apply this algorithm to v and 7 (hy). If we get
“no” as a result then it means by Proposition 4.9 that there exists no path for hy
starting at v in I and we stop — g does not belong to H. If we get “yes” as a result,
that is, we have a path p; for 7(hy) and if ¢(p;) belongs to some u,,-component C' of
T then we try to “read” u&* as follows. A pair (Po, H,, (t(p1))) is associated with C,
where P is a finite positively oriented path and H,,, (t(p1)) is a finitely generated
free abelian group. By Lemma 3.18 it is enough to check if u®* € u(q) * Hy,, (t(p1)),
where ¢ is a reduced subpath of Po. Hence, if we can find such ¢ then it is unique

and we proceed with hs. If there exists no such subpath of P, we stop — ¢ does
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not belong to H. In finitely many steps we either find out that ¢ ¢ H on some
intermediate step or construct a path p from v to some v; € V(I'), which is labeled
by m(g). If we manage to find p then we check if v = v; which holds if and only if

ge H. O
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